CALCULUS 2
A CRASH COURSE IN SERIES

ELLEN WELD

0. INTRODUCTION

The goal of this document is to clarify some key ideas about series and to give you
the tools to determine if, why, and where a series converges. This is not a substitute
for you practicing solving series on your own but I hope it makes that process a little
easier. The definitions and statements of tests I will be using come from Stewart’s Calc
book Calculus: Early Transcendentals Edition 7. I'm not going to include any proofs but
I would recommend reading through them in the book. This is not a rigorous look at
series, it’s just some rules of thumb that I hope you find helpful.

1. DEFINITIONS AND BASIC EXAMPLES

oo k
We call Zan = ay + a9 + --- an infinite series and s; = Zan its k" partial sum.
n=1 n=1
Note that {s;} is actually a sequence and in fact we define everything about »_ a, in
terms of {s}.

Definition 1.1. If {s;} converges and klim s, = s exists (as a real number, not as infinity)
—00

we say that _ a, converges and we write ) a,, = s where we call s the sum of the series.
If {s} diverges or klim Sk = 00, we say »_ aj, diverges.
— 00

This definition essentially means that series are sequences at heart.

If > |a,| converges, we say that > a, is absolutely convergent. If )" a,, converges but
> |a,| diverges, we say > a,, is conditionally convergent. Note that absolute convergence
always implies conditional convergence but not the other way around. An example to
(="
o

keep in mind is the series ) . This is conditionally convergent but not absolutely

convergent. Whenever you are testing whether something is absolutely or conditionally
convergent, start with testing whether it is absolutely convergent first since this might
save you a step later.

Now, series can behave strangely so it is important that you understand how you can
manipulate them. Consider the following theorem:

Theorem 1.2. If > a,, Y b, are convergent series, then so are the series ) ca,, for ¢

some constant and > (a, £ b,). Further,
1



2 ELLEN WELD

(i) ican = cian
n=1 n=1
11 1 1
B2 gn=32n
(ii) i(an +b,) = ian + ibn
n=1 n=1 n=1
/1 1 1 =1
(Bx: 3 (n— n—> =t

Note 1.3. Although part (i) is true regardless of whether > a,, converges, part (ii) is not.
Unless you know that both > a,, and > b, converge, you can’t assume that > (a, +b,) =

Y an+ > by

Example 1.4.
(1) Simplify 1 — i ! '
p y — 4 °

First, I'm going to rewrite the summation a little. I know that

A OR (DR ORI GG RS R E0)]

=1

I haven’t changed anything about the summation except for pulling out the first
term. But, like this, it’s a lot more clear that I can write

SORE MO RS

Note how in the original series n begins at 0 but in the altered series n begins at
1. It is extremely important to take note of where the series begins.

00 1 n+1
(2) Rewrite Z <Z_l)
n=0

1/1\"  /1\""
You should already know that 1 (Z) = <Z> and we can use this same

knowledge to move constants around in series. We can write

(1) i)

n=0
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1
But then 1 is just some constant that doesn’t depend on n. So we can pull it out
in front of the series like this

> 6) -in6)

This is a particularly important technique for the geometric series because in
that situation it is extremely important to have the series in the correct form to

determine the geometric series sum 1%.

00 1 n+1
(3) We are going to relabel Z <Z_l> so that the series begins at n = 1 instead of
n=0

n = 0.

n starts at 0, but we want n to start at 1. So we let m = n + 1 (because then

00 1 n+1
when n =0, m = 1). Then n = m — 1 and where ever we see n in Z (Z) we
n=0

replace it by m — 1. This means our new series is

S0 5070

n=0 m—1= =

3

Now, wherever you see m, write n instead. So Z (4_1) becomes Z (Z) . We

m=1 n=1

now have a series which begins at 1 but is it the same series we started with? Let’s

SORORORORS

n=0

S ()6 (1)

Thus, our series are indeed the same, all we have done is tweaked the indexing.

Suppose you wanted to start at n = 2 instead, then you would write m = n+2,
solve for n and go through the process the same way. Similarly for n = 3, n = 4,
and so on.

If your series starts at n = 1 and you want it to start at n = 0, write m = n—1
because then when n = 1, you have m = 0. Then you apply the same method as
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o0 1 n
above. So, if our series was Z (Z) , we replace n by m + 1 to get that
n=1
00 1 n [ee) 1 m+1 [ee) 1 m+1
>H -2 G) -x6) -
n=1 m—+1=1 m=0

Finally, writing n instead of m gives you

()

which is the series we started with.

Now, some examples to always keep in mind are as follows:

1
e > — harmonic series — divergent
n

(=D"

n

>

, alternating harmonic series — convergent

1
° > — D" series — convergent when p > 1, divergent otherwise
n

e > (r"), geometric series — convergent when |r| < 1, divergent otherwise
These examples will usually help you think of counterexamples.
2. TESTS

In this section I'm going to go through all the different tests you should know, explain
when they work, and talk about when is the best time to use them. I will also try to
provide examples of when a test should be used and examples when a test should not be
used (I call these second type of examples “non-examples”).
2.1. Geometric Series.
Theorem 2.1 (Geometric Series). The geometric series

o0
E ar" P =a+ar+ar’*+---
n=1

is convergent if |r| < 1 and its sum is

> a
E ar™ ! = 1 .
n=1 -r

If |r| > 1, the series diverges.
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The Geometric Series is so special because it has an explicit formula to find its sum.
In general, it is extremely difficult to determine the sum of a series even if you know it

converges.
Note that r is not changing as n is changing — it is a fixed number. Instead, it is the

power of r that is changing. Thus, it is essentially different from the series like >~ — even
n

1
though — < 1 for n > 2. Also observe that the series is in a very particular form.

a

If the series is not in the proper form you cannot conclude its sum is %

e}

To use the formula for the sum of the series, the series must look like Zar”’l or,

n=1

equivalently by (3) in Example (1.4), Zar”.

n=0
Example 2.2.
. 1
Ly
)T
n:14 3 1 2
3
00 3 n+1 1
(5) £
n=0 1——
4
3
/3 "“_i:% 3\" 1
4 44 \4) 3
n=0 n=0 1——
4
. i "' 1 1
4 1 1
n=1 1—|(—— 14+ -
4
Non-Example 2.3. Geometric series does not apply to things like
n—1 -

2.2. Test for Divergence.

Theorem 2.4 (Test for Divergence). Let > a, be a series. If lim |a,| # 0, then > a,
n—oo

diverges.
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This test is extremely useful to quickly check if a series diverges, but you should only
try it if lim |a,| is easy to compute. It is not true that lim |a,| = 0 implies }_a,
n—oo n—o0

1
converges. A quick counter example to thisis > —: lim — = 0 but Z diverges.
n

n—oo

This test cannot tell you if a series converges and it can only sometimes tell you if a
series diverges.

For those who are interested, the test is based on the idea that if a series > a,, is going
to converge, then the sequence {a,} has to get really small at the end, otherwise {s;} is
either going to limit to infinity or oscillate.

Example 2.5.

n—+1 n-+1 1
lim S 40
'Z?, T ms 5 T37

. Z(—l)" arctann, lim arctann = g #£0

n— oo

Zn or Z hm \n\ # 0 and hm ( 1)™ # 0 (this second limit does not even
exist)
Remember: If lim |a,| is hard to compute or lim |a,| = 0, move on. In those
n—oo n—oo

situations this test is no longer helpful.

2.3. Integral Test.

Theorem 2.6 (Integral Test). Suppose f is a continuous, positive, and decreasing func-

o
tion on [k, 00) for k some positive integer and let a, = f(n). Then Zan is convergent
n=~k
(which implies Zan is convergent) if and only if the improper integral fk x)dz is
n=1
convergent. This means
oo [e.¢]
f . Jf(x)dr convergent implies Zan is convergent (which implies Zan is conver-
n=~k n=1
gent)
oo oo
(ii) f . f(z)dz divergent implies Zan is divergent (which implies Zan is divergent)
n=~k n=1

Something we want to note is that the first few terms don’t matter in overall conver-
gence, so as long as there’s some k such that x > k means f(z) is decreasing, we can
think of f as a decreasing function. When this is the situation, we say f is eventually
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decreasing. So if f doesn’t start decreasing until x > 263, that’s fine. All that matters is
that there’s is a point after which f will be decreasing.

This is a powerful test (because you get an if and only if statement, which means
whenever one part is true, the other must be true as well) but it is a pain to use. Before
you use this test, make sure that f is continuous and positive on the interval where it’s
decreasing. Otherwise you’ll probably get the wrong answer and have wasted a lot of
time.

Now, it should be noted that the value of the improper integral is probably not the
sum of the series. Consider the example below:

1
Example 2.7. Let f(z) = —- Then f is continuous, positive, and decreasing on [1,00).
x

Further, we see that

t

Sl | b1 1
/ — dx = lim —Qd:c = lim — —
1

1
. = lim — > +1=1
T t—oo J1 X t—00 T t

t—o00

1

2
6

o
1
However, E — = (don’t try to figure this out on your own, it’s pretty difficult). So
n
n=1

we have

Use this test first when something has Inn in it, otherwise use this test only when the
other tests have failed.

2.4. p-Series.

— 1
Theorem 2.8 (p-Series). The p-series E - is convergent if p > 1 and divergent if p < 1.
n
n=1

It is extremely important to remember which p make the series converge and which
p make the series diverge. If you are having trouble remembering which does what,

1 1
remember that Z_z converges and ZT diverges.
n n

1
Example 2.9. Use this test whenever a series is of the form Zﬁ

1 1 1
ZE’ Zﬁ’ Zm, etc.

Non-Example 2.10. Don’t use p-series for

1 1 1 1
Zn2+1’ Z\/ﬁ+30’ Zn3+n+2’ Z2n+1'
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These series are not in the proper form to apply p-series. You’ll have to use some of the
other tests instead.

The biggest difference between these series and the Geometric Series is that p doesn’t

2 n
change as n changes — it is fixed. So Z (5) is a Geometric Series (where the exponent

1 1\”
h but the base d t) and — = — ] i -seri here the b
changes but the base does not) an an Z (n) is a p-series (where the base
changes but the exponent does not).

2.5. Comparison Test.

Theorem 2.11 (Comparison Test). Suppose that Y a,, and > b, are series with positive
terms.

(i) If > b, is convergent and a,, < b, for all n, then " a, is also convergent.

(i) If > b, is divergent and a,, > b, for all n, then > a,, is also divergent.

We use Comparison Test when something is really close to something else that we
know converges or diverges. The idea behind why this works is as follows: since _ a,,,
> by, have positive terms, we see the partial sums {s; }, {tx} of > an, D b, respectively are
increasing, i.e., sy < sgy1 and ¢ < t41. This means {s;}, {tx} are monotone sequences.
So, if > b, converges {tx} is a bounded monotone sequence. a, < b, implies sy < t,
which means that {s;} is also a bounded sequence. So {s;}, and hence > a,, must
converge as well. Similarly, if > b, diverges, {tx} is an unbounded sequence. If a,, > b,,
Sk > t which means {s;} is an unbounded sequence. Thus s, — oo as k — oo which
means »  a, diverges as well.

1 1
Situations like — > a,, are unhelpful because Z— is divergent and that doesn’t affect
n n

1
whether a,, is divergent or convergent. Similarly, — < a,, doesn’t tell you anything either.
n

Also remember that all the terms must be positive for this to work.

Example 2.12.

1 1 1
Z2”—1—17 Zn?—l—l7 Zn—l
Non-Example 2.13.
n—1 nt + 4 1 1
ZnQ—l’ Zn5+2’ ZnQ—l’ Zn—l—l

In these examples it is difficult to find a series you know converges which will be larger
or smaller as necessary. In these situations, it is often much easier to use LCT.
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2.6. Limit Comparison Test.

Theorem 2.14 (Limit Comparison Test (LCT)). Suppose Y a,, and > b, are series with

positive terms. If

. Gp
lim — =¢
n—oo by,

where 0 < ¢ < 00, then either both series converge or both diverge.

Remember that all the terms need to be positive, else this test isn’t going to work.

n?4+n+1
TR
particular, look at the degrees of the leading terms on top and bottom and subtract the
bottom one from the top (in this case take 4 —2). If that number is zero or negative, that
n+1
In+1

As a rule of thumb, if you see a series like Z , you want to use LCT. In

means the series diverges (like with Z you would use Test for Divergence). If

that number is positive, compare the original series with - where p is whatever number
n

1
you get. So in the example I gave you above, you would compare the series to —. This
n

1
2n—1

1
will guarantee that LCT will work. If you're looking at Z , compare it » on

The idea is that you compare whatever series you have to the part of the series which

. n?4+n+1 .
“orows” the fastest. The leading terms ————— grow the fastest so you compare it
n* 4+ n? + 2
t0 ™ — L1 youre looki DY look at — b those leading t
0o— = —. ou’re looking a ou look at — because those leading terms
A 2 Y g n ot on V! on g

grow the fastest.

Example 2.15.

1 1
° Z:?’——:—l’ compare with 3

5 4 3 2
.Zn +n*4+n°+n"+n+1

ith 1
compare with —
n® + n3 ’ n3

2 1
° Z\/ﬁ+ , compare with —

n2+1 nz

2" 2"
) ZZ i 3 compare with 3

n>+n+1

VRTINS FENCID go straight for LCT — it’s the easiest

Whenever you see something like

test to use in this situation.
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2.7. Alternating Series and Alternating Series Estimation Theorem.

2.7.1. Alternating Series Test.
Theorem 2.16 (Alternating Series). If the alternating series

D (=1)" by = by — by + by — by + bs — bg + - - -

n=1
with b,, > 0 for all n satisfies

(1) bpy1 < by, for all n > k where k is some positive integer

(ii) lim b, =0,

n—oo

then the series is convergent.

When I'm dealing with an alternating series, I first check part (ii). If limb, = 0,

n—o0

great. I can then check part (i). If, however, lim b, # 0, then the series automatically
n—oo

diverges and you don’t need to do anything else.

If you don’t need to estimate the sum of the series within a certain error, sometimes
it’s easier to check whether > b, (i.e., the part that isn’t alternating) converges. If it
does, then > (—1)"b, converges, too and you're done. If not, you still have to use this
test to check whether the series converges or not.

If you are asked to estimate the sum of the series within a certain error, just use this
test. It doesn’t really help you to know whether the series converges absolutely or not.

Note 2.17. Part (i) of the Alternating Series Test is really trying to say that the sequence
b, is eventually decreasing, meaning after some integer k, the sequence is decreasing.
So, just because b; < by doesn’t mean the test fails. It just means it doesn’t work at
the beginning of the series but, as I've noted before, the first few terms don’t make a
difference in overall convergence of the series.

2.7.2. Alternating Series Estimation Theorem. The phrasing of this theorem is less im-
portant than what it does. Take some series ) (—1)"b,, and some error R. Figure out the

n—1
b, one at a time until you get to the first b, such that b, < |R|. Then the sum Z(—l)kbk
k=1
n—1
(or Z(—l)kbk depending on where you want the series to start) is an estimate of the
k=0

sum of the series within that error R. So, if b3 is the first b, such that b3 < R and the
2

series starts at n = 0, the estimate you want is Z(—l)”bn. You do not include b3 in this
n=0

estimate.

Again, make careful note whether the series starts at 0 or 1 or some other number.



MATH 166 11
2.8. Ratio Test.
Theorem 2.18 (Ratio Test).

an+1

= L < 1, then the series Zan is absolutely convergent (and there-

n=1

(i) If lim

n—oo

Qn

fore convergent).

o0
.. . an+1 . an+1 . .
(ii) If lim |[—=| =L > 1 or lim |—==| = oo, then the series g a, is divergent.
n—oo | Gy n—00 | Ay
n=1
. n+1 . .. . . .
(i) If lim |—2=| = 1, the Ratio Test is inconclusive; that is no conclusion can be
n—00 A,

drawn about the convergence or divergence of > a,,.

Remember to keep the absolute value!

This test is extremely useful and widely applicable. In fact, this test is the main tool
you use for figuring out where power series converge and there are a lot of complicated
looking series that are easily handled with the Ratio Test. Unlike most of the other tests,
there are no starting conditions (which means you don’t need to assume anything about
the series for this test to be applicable) which is to say you can apply this test to any
series.

Although this test can be applied to anything, it cannot tell you if a series is con-
ditionally convergent. Further, there are some basic series for which the Ratio Test will
give you no information, so using the Ratio Test for every series could be a waste of time.
Below are some examples of when the Ratio Test should be the first test used and some
other examples of when you should try something else.

Example 2.19.
. Zﬁ
D=
. Z%

* Z(znl)!:),n

Non-Example 2.20.

1
° Z—p; use p-series because you are always going to get part (iii) for this
n
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3 1
° Z%; use LCT, it’s an easier limit

1
° ; use integral test
Z nlnn &

1 .
. Zn6 n 1; use LCT or comparison test

1 n
° Z (E) ; use Root Test

2.9. Root Test.
Theorem 2.21 (Root Test).

(i) If lim {/|a,| = L < 1, then the series Zan is absolutely convergent (and therefore
n—oo

n=1

convergent).

[e.e]
(i) If lim {/|a,| = L > 1 or lim {/|a,| = oo, then the series Zan is divergent.
n—o0 n—oo —1

(iii) If lim {/|a,| = 1, then Root Test is inconclusive.
n—o0

Don’t forget the absolute value!

This is another powerful tool but sometimes can get you in trouble if you don’t know

1 1
how to compute a limit. For example, if a, = — what is lim {/ —'? Unless a,, is
n! n!

n—oo

something raised to the n'" power, it’s often easier to try the Ratio Test first.

Note that, just like with the Ratio Test, the Root Test can’t tell you if something is
conditionally convergent.

Example 2.22.

()

2

1 n
° Z (5) , note that you cannot apply Geometric Series to this because it is not

in the correct form.
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Non-Example 2.23.

1
° E = technically, you can apply Root Test here, it’s just more difficult than
n!
applying the Ratio Test

1
. g E; use p-series

1
° ; use comparison test
2 b

n
e LCT
* Zn2+n—|—2 e



