
MATH 511 HOMEWORK 1
DUE THURSDAY, JUNE 20, 2019

1. Matrices and Gaussian Elimination

1.2. The Geometry of Linear Equations.

Exercise 2. Solve to find a combination of the columns that equal b:

Triangular System

u− v − w = b1

v + w = b2
w = b3

Solution: Back-solving, we see that

w = b3

⇒ v = b2 − w

= b2 − b3

⇒ u = b1 + v + w

= b1 + (b2 − b3)︸ ︷︷ ︸
v

+ b3︸︷︷︸
w

= b1 + b2

Hence, our system of equations becomes

(b1 + b2)

 1

0

0

+ (b2 − b3)

 −1

1

0

+ b3

 −1

1

1

 =

 b1
b2

b3

 .

1.3. An Example of Gaussian Elimination.

Exercise 11. Apply elimination (circle the pivots) and back-substitution to solve

2x − 3y = 3

4x − 5y + z = 7

2x − y − 3z = 5

List the three row operations: Subtract times row from row .
1
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Solution: 2 −3 0 3

4 −5 1 7

2 −1 −3 5

 −2R1+R2→R2−→

 2 −3 0 3

0 1 1 1

2 −1 −3 5

 −R1+R3→R3−→

 2 −3 0 3

0 1 1 1

0 2 −3 2



−2R2+R3→R3−→

 2 −3 0 3

0 1 1 1

0 0 −5 0


(Pivots in bold.)

Row Operations:

• Subtract 2 times row 1 from row 2

• Subtract 1 times row 1 from row 3

• Subtract 2 times row 2 from row 3

Now, proceeding by back-substitution, we see that z = 0 and so y + z = 1 ⇒
y = 1. Finally, we determine

2x− 3y = 3

⇒ 2x− 3 = 3

⇒ 2x = 6

⇒ x = 3.

We conclude the solution is (x, y, z) = (3, 1, 0).

Exercise 12. Which number d forces a row exchange, and what is the triangular
system (not singular) for that d? Which d makes this system singular (no third
pivot)?

2x + 5y + z = 0

4x + dy + z = 2

y − z = 3

Solution: When d = 10, we see that the row operation −2R1 +R2 → R2 yields 2 5 1 0

4 10 1 2

0 1 −1 3

 −2R1+R2→R2−→

 2 5 1 0

0 0 −1 2

0 1 −1 3


which would require us to perform a row exchange. After switching row 2 and row 3,
we have the triangular system  2 5 1 0

0 1 −1 3

0 0 −1 2

 .
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When d = 11, 2 5 1 0

4 11 1 2

0 1 −1 3

 −2R1+R2→R2−→

 2 5 1 0

0 1 −1 2

0 1 −1 3

 −R2+R3→R2−→

 2 5 1 0

0 1 −1 2

0 0 0 1


which is singular.

Exercise 20. Find the pivots and the solution for these four equations:

2x + y = 0

x + 2y + z = 0

y + 2z + t = 0

z + 2t = 5

Solution: Write
2 1 0 0 0

1 2 1 0 0

0 1 2 1 0

0 0 1 2 5

 − 1
2
R1+R2→R2−→


2 1 0 0 0

0 3/2 1 0 0

0 1 2 1 0

0 0 1 2 5



− 2
3
R2+R3→R3−→


2 1 0 0 0

0 3/2 1 0 0

0 0 4/3 1 0

0 0 1 2 5

 − 3
4
R3+R4→R4−→


2 1 0 0 0

0 3/2 1 0 0

0 0 4/3 1 0

0 0 0 5/4 5


(Pivots in bold.)

From above, we have
5

4
t = 5 ⇒ t = 4. Then

0 =
4

3
z + t

=
4

3
z + 4

⇒ −4 =
4

3
z

⇒ z = −3

0 =
3

2
y + z

=
3

2
y − 3

⇒ 3 =
3

2
y

⇒ y = 2
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0 = 2x+ y

= 2x+ 2

⇒ −2 = 2x

⇒ x = −1

Therefore, the solution is

(x, y, z, t) = (−1, 2,−3, 4).

1.4. Matrix Notation and Matrix Multiplication.

Exercise 2. Working a column at a time, compute the products 4 1

5 1

6 1

[
1

3

]
and

 1 2 3

4 5 6

7 8 9


 0

1

0

 and

 4 3

6 6

8 9

[
1/2

1/3

]
.

Solution: I don’t know what it means by one column at a time, so I’m just going
to it normally.  4 1

5 1

6 1

[
1

3

]
=

 4(1) + 1(3)

5(1) + 1(3)

6(1) + 1(3)

 =

 7

8

9


 1 2 3

4 5 6

7 8 9


 0

1

0

 =

 2

5

8


 4 3

6 6

8 9

[
1/2

1/3

]
=

 4(1/2) + 3(1/3)

6(1/2) + 6(1/3)

8(1/2) + 9(1/3)

 =

 3

5

7


Exercise 21. Find the powers A2, A3 (A2 times A), and B2, B3, C2, C3. What are
Ak, Bk, and Ck?

A =

[
1/2 1/2

1/2 1/2

]
and B =

[
1 0

0 −1

]
and C = AB =

[
1/2 −1/2

1/2 −1/2

]

Solution:

A2 = A · A =

[
1/2 1/2

1/2 1/2

][
1/2 1/2

1/2 1/2

]

=

[
(1/2)(1/2) + (1/2)(1/2) (1/2)(1/2) + (1/2)(1/2)

(1/2)(1/2) + (1/2)(1/2) (1/2)(1/2) + (1/2)(1/2)

]
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=

[
1/2 1/2

1/2 1/2

]
= A

By induction, Ak = A for all k ≥ 1.

B2 = B ·B =

[
1 0

0 −1

][
1 0

0 −1

]

=

[
1 0

0 1

]
= I

Hence, it is clear that for k ≥ 1,

Bk =

{
B if k odd

I if k even

C2 = C · C =

[
1/2 −1/2

1/2 −1/2

][
1/2 −1/2

1/2 −1/2

]

=

[
(1/2)(1/2) + (1/2)(−1/2) (1/2)(−1/2) + (−1/2)(−1/2)

(1/2)(1/2) + (1/2)(−1/2) (1/2)(−1/2) + (−1/2)(−1/2)

]

=

[
0 0

0 0

]
= 0

Hence, Ck = 0 for k ≥ 2.

1.5. Triangular Factors and Row Exchanges.

Exercise 5. Factor A into LU , and write down the upper triangular system Ux = c
which appears after elimination, for

Ax =

 2 3 3

0 5 7

6 9 8


 u

v

w

 =

 2

2

5

 .

Solution: Observe that 2 3 3

0 5 7

6 9 8

 −3R1+R3→R3−→

 2 3 3

0 5 7

0 0 −1


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Hence, we have

L =

 1 0 0

0 1 0

3 0 1

 and U =

 2 3 3

0 5 7

0 0 −1

 .

Let c = (c1, c2, c3). Since Lc = b, we have

Lc =

 1 0 0

0 1 0

3 0 1


 c1

c2
c3

 =

 c1
c2

3c1 + c3

 =

 2

2

5

 .

Immediately, we see that c1 = 2, c2 = 2, c3 = −1.

Because Ux = c, 2

2

−1

 =

 2 3 3

0 5 7

0 0 −1


 u

v

w

 =

 2u+ 3v + 3w

5v + 7w

−w

 .

Solving, we see w = 1. Then

2 = 5v + 7w = 5v + 7

⇒ v = −1

2 = 2u+ 3v + 3w = 2u− 3 + 3

⇒ u = 1

We conclude (u, v, w) = (1,−1, 1).

(I’m honestly not 100% on what this question is even looking for so this is really
my best guess.)

Exercise 14. Write down all six of the 3 by 3 permutation matrices, including P = I.
Identify their inverses, which are also permutation matrices. The inverses satisfy
PP−1 = I and are on the same list.

Solution:

Matrix Name Matrix Inverse Matrix

P1 = I

 1 0 0

0 1 0

0 0 1

 P1

P12

 0 1 0

1 0 0

0 0 1

 P12
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Matrix Name Matrix Inverse Matrix

P13

 0 0 1

0 1 0

1 0 0

 P13

P23

 1 0 0

0 0 1

0 1 0

 P23

P123

 0 1 0

0 0 1

1 0 0

 P132

P132

 0 0 1

1 0 0

0 1 0

 P123

Exercise 15. Find the PA = LDU factorizations (and check them) for

A =

 0 1 1

1 0 1

2 3 4

 and A =

 1 2 1

2 4 2

1 1 1

 .

Solution: Let

A1 =

 0 1 1

1 0 1

2 3 4

 .

We find the PA1 = LDU factorization. Write 0 1 1

1 0 1

2 3 4

 R1↔R2−→

 1 0 1

0 1 1

2 3 4



−2R1+R3→R3−→

 1 0 1

0 1 1

0 3 2

 −3R2+R3→R3−→

 1 0 1

0 1 1

0 0 −1


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Thus, we see that P = P12,

L =

 1 0 0

0 1 0

2 3 1

 , D =

 1 0 0

0 1 0

0 0 −1

 , and U =

 1 0 1

0 1 1

0 0 1

 ,

which is to say

PA1 = LDU 0 1 0

1 0 0

0 0 1


 0 1 1

1 0 1

2 3 4

 =

 1 0 0

0 1 0

2 3 1


 1 0 0

0 1 0

0 0 −1


 1 0 1

0 1 1

0 0 1


Next, we find the factorization PA2 = LDU for

A2 =

 1 2 1

2 4 2

1 1 1

 .

Write  1 2 1

2 4 2

1 1 1

 R2↔R3−→

 1 2 1

1 1 1

2 4 2



−2R1+R3→R3−→

 1 2 1

1 1 1

0 0 0

 −R1+R2→R2−→

 1 2 1

0 −1 0

0 0 0


Hence, we see P = P23,

L =

 1 0 0

1 1 0

2 0 1

 , D =

 1 0 0

0 −1 0

0 0 0

 , and U =

 1 2 1

0 1 0

0 0 1

 ,

that is,

PA2 = LDU 1 0 0

0 0 1

0 1 0


 1 2 1

2 4 2

1 1 1

 =

 1 0 0

1 1 0

2 0 1


 1 0 0

0 −1 0

0 0 0


 1 2 1

0 1 0

0 0 1


Note 1. The book states on p.36 that in the triangular factorization A = LDU , L
and U have 1s along the diagonal. In the solutions at the end of the book, U is
written with a 0 in the (3, 3) position which seems to defeat the spirit of the exercise.
Although the given solution does work (I checked), it seems to contradict the adopted
conventions of the book — which I find very confusing. If I am missing something,
please let me know.
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Exercise 24. What three elimination matrices E21, E31, E32 put A into upper tri-
angular form E32E31E21A = U? Multiply by E−1

32 , E
−1
31 , and E−1

21 to factor A into LU

where L = E−1
21 E

−1
31 E

−1
32 . Find L and U :

A =

 1 0 1

2 2 2

3 4 5

 .

Solution: Write 1 0 1

2 2 2

3 4 5

 −2R1+R2→R2−→

 1 0 1

0 2 0

3 4 5

 −3R1+R3→R3−→

 1 0 1

0 2 0

0 4 2



−2R2+R3→R3−→

 1 0 1

0 2 0

0 0 2


Hence, we see that

L =

 1 0 0

2 1 0

3 2 1

 and U =

 1 0 1

0 2 0

0 0 2

 .

Moreover,

E21 =

 1 0 0

−2 1 0

0 0 1

 , E31 =

 1 0 0

0 1 0

−3 0 1

 , and E32 =

 1 0 0

0 1 0

0 −2 1


since

L =

 1 0 0

2 1 0

0 0 1


︸ ︷︷ ︸

E−1
21

 1 0 0

0 1 0

3 0 1


︸ ︷︷ ︸

E−1
31

 1 0 0

0 1 0

0 2 1


︸ ︷︷ ︸

E−1
32

.

1.6. Inverses and Transposes.

Exercise 6. Use the Gauss-Jordan method to invert

A1 =

 1 0 0

1 1 1

0 0 1

 , A2 =

 2 −1 0

−1 2 −1

0 −1 2

 , A3 =

 0 0 1

0 1 1

1 1 1

 .
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Solution:  1 0 0 1 0 0

1 1 1 0 1 0

0 1 0 0 0 1

 −R1+R2→R2−→

 1 0 0 1 0 0

0 1 1 −1 1 0

0 0 1 0 0 1



−R3+R2→R2−→

 1 0 0 1 0 0

0 1 1 −1 1 −1

0 0 1 0 0 1


Hence,

A−1
1 =

 1 0 0

−1 1 −1

0 0 1


 2 −1 0 1 0 0

−1 2 −1 0 1 0

0 −1 2 0 0 1

 R2+R1→R1−→

 1 1 −1 1 1 0

−1 2 −1 0 1 0

0 −1 2 0 0 1



R1+R2→R2−→

 1 1 −1 1 1 0

0 3 −2 1 2 0

0 −1 2 0 0 1

 3R3+R2→R2−→

 1 1 −1 1 1 0

0 0 4 1 2 3

0 −1 2 0 0 1



R2↔R3−→

 1 1 −1 1 1 0

0 −1 2 0 0 1

0 0 4 1 2 3

 −R2→R2−→

 1 1 −1 1 1 0

0 1 −2 0 0 −1

0 0 4 1 2 3


1
4
R3→R3−→

 1 1 −1 1 1 0

0 1 −2 0 0 −1

0 0 1 1/4 1/2 3/4

 2R3+R2→R2−→

 1 1 −1 1 1 0

0 1 0 1/2 1 1/2

0 0 1 1/4 1/2 3/4



R3+R1→R1−→

 1 1 0 5/4 3/2 3/4

0 1 0 1/2 1 1/2

0 0 1 1/4 1/2 3/4

 −R2+R1→R1−→

 1 0 0 3/4 1/2 1/4

0 1 0 1/2 1 1/2

0 0 1 1/4 1/2 3/4


Thus,

A−1
2 =

 3/4 1/2 1/4

1/2 1 1/2

1/4 1/2 3/4

 .



MATH 511 SUMMER 2019 11

 0 0 1 1 0 0

0 1 1 0 1 0

1 1 1 0 0 1

 R1↔R3−→

 1 1 1 0 0 1

0 1 1 0 1 0

0 0 1 1 0 0



−R3+R2→R2−→

 1 1 1 0 0 1

0 1 0 −1 1 0

0 0 1 1 0 0

 −R3+R1→R1−→

 1 1 0 −1 0 1

0 1 0 −1 1 0

0 0 1 1 0 0



−R2+R1→R1−→

 1 0 0 0 −1 1

0 1 0 −1 1 0

0 0 1 1 0 0


Thus,

A−1
3 =

 0 −1 1

−1 1 0

1 0 0

 .

2. Vector Spaces

2.1. Vector Spaces and Subspaces.

Exercise 2. Which of the following subsets of R3 are actually subspaces?

(a) The plane of vectors (b1, b2, b3) with first component b1 = 0.

Subspace. We see that (0, a2, a3) + (0, b2, b3) and c(0, b2, b3) (for c ∈ R)
are still in this subset.

(b) The plane of vectors b with b1 = 1.

Not a Subspace. (1, b2, b3) is in the subset, but 2(1, b2, b3) = (2, 2b2, 2b3)
is not.

(c) The vectors b with b2b3 = 0 (this is the union of subspaces, the plane b2 = 0
and the plane b3 = 0).

Not a Subspace. (1, 0, 1) and (1, 1, 0) are in this subset but (1, 0, 1) +
(1, 1, 0) = (2, 1, 1) is not.

(d) All combinations of two given vectors (1, 1, 0) and (2, 0, 1).

Subspace. As a column space, this is a subspace.

(e) The plane of vectors (b1, b2, b3) that satisfy b3 − b2 + 3b1 = 0.

Subspace. Suppose (a1, a2, a3) and (b1, b2, b3) are in this subset. Then we
see that (a1 + b1, a2 + b2, a3 + b3) satisfies

(a3 + b3)− (a2 + b2) + 3(a1 + b1) = a3 − a2 + 3a1︸ ︷︷ ︸
0

+ b3 − b2 + 3b1︸ ︷︷ ︸
0

= 0
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and, for any c ∈ R, (ca1, ca2, ca3) satisfies

ca3 − ca2 + 3(ca1) = c (a3 − a2 + 3a1)︸ ︷︷ ︸
0

= 0.

Exercise 3. Describe the column space and the nullspace of the matrices

A =

[
1 −1

0 0

]
and B =

[
0 0 3

1 2 3

]
and C =

[
0 0 0

0 0 0

]
.

Solution:

Ax =

[
1 −1

0 0

][
u

v

]
=

[
u− v

0

]

We see that C(A) =

{[
a

0

]
: a ∈ R

}
and N(A) =

{[
b

b

]
: b ∈ R

}
.

Bx =

[
0 0 3

1 2 3

] u

v

w

 =

[
3w

u+ 2v + 3w

]

So, C(B) = R2. To compute, N(B), we see that

3w = 0

u+ 2v + 3w = 0

implies w = 0 and u+2v = 0 ⇒ u = −2v. We concludeN(B) =


 −2a

a

0

 : a ∈ R

.

Cx =

[
0 0 0

0 0 0

] u

v

w

 =

[
0

0

]

Hence C(C) =

{[
0

0

]}
and N(C) = R3.

Exercise 9. Show that the set of nonsingular 2 by 2 matrices is not a vector space.
Show also that the set of singular 2 by 2 matrices is not a vector space.

Solution: I =

[
1 0

0 1

]
and −I =

[
−1 0

0 −1

]
are both non-singular but I +

(−I) = 0 is certainly singular.

A =

[
1 0

0 0

]
is singular as is B =

[
0 0

0 1

]
, but A+B = I is non-singular.
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Exercise 14. Describe the smallest subspace of the 2 by 2 matrices space M that
contains

(a)

[
1 0

0 0

]
and

[
0 1

0 0

]

M =

{[
a b

0 0

]
: a, b ∈ R

}

(b)

[
1 0

0 0

]
and

[
1 0

0 1

]

M =

{[
a 0

0 b

]
: a, b ∈ R

}

(c)

[
1 1

0 0

]

M =

{[
a a

0 0

]
: a ∈ R

}

(d)

[
1 1

0 0

]
,

[
1 0

0 1

]
,

[
0 1

0 1

]

M =

{[
u v

0 w

]
: u, v, w ∈ R

}
where for any prescribed u, v, w ∈ R, take

a

[
1 1

0 0

]
+ b

[
1 0

0 1

]
+ c

[
0 1

0 1

]
for

a =
u+ v − w

2
, b = u− a, c = v − a.


