MATH 511 HOMEWORK 2
DUE THURSDAY, JUNE 27, 2019

2. VECTOR SPACES

2.2. Solving Axr =0 and Ax =b.

Exercise 2. Reduce A and B to echelon form, to find their ranks. Which variables
are free?

1 201 1 2 3
A=|10 110 B=|456
1 2 01 789

Find the special selection to Ax = 0 and Bz = 0. Find all solutions.
Solution: We begin with A. Let b = (b1, bg, b3). We begin by reducing [A|b]:

120 1]y 1201 by
011 0/b | Mg 11 0 b
120 1|0y 000 0|bs—b

The rank A is 2. Of the variables (u,v,w,t), the free variables are w,t and we see
that when b = (0,0, 0).

0 1 201]]" N
ol=lo110]]|"|= v+ w
0 ooo0oll|" 0
t
Hence, we see that v = —w and

O=u+2v+t=u+2(—w)+t = 2w—t=u.
We conclude that every element of N(A) is of the form

2 -1
BT

Tp =W
0 0
1 1

The special solutions to Ax = 0 are
2 -1

—1

and 0
1 0
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Note 1. The book describes x,, and the special solutions a tad ambiguously. From
what I can gather, the special solutions are the vectors without the free variables and

Z, is a generic element in the null space.

When b is not the zero vector, b is in C(A) only when b3 —b; =0 <= by = bs.

This implies that b must be of the form

b:

Now, setting w and t equal to 0, we get

S O =
S =N
S = O
o O =

u
v
0
0

by
ba
b1
U+ 2v
v | =
0

b
by
bs — by

which implies that v = by and u = by — 2b,. For a prescribed b = (b, ba, by), the

particular solution is

Uu b1 — 2b2
v bQ
€T = =
P w 0
t 0
Putting this all together,

b1 — 2by 2
bo -1
Zeomplete = Lp + Tpy = 0 +w 0
0 1

Next, we address B. Let b = (b1, b, b3) and reduce [B|b]:

1 2 3|h
4 5 6|be
7 8 9]bs
1 2 3 by

~TRi+Ry—Fs 0 —3 —6|—4b; +by
0 —6 —12 —7bl+b3

e | 1203 by

—2Ro—

2T 1001 2 (4/3)by — (1/3)by
000 by — 2by + bs

—4Rq +R§4)R2

—2Ro +R;—)R3

—2Ro +R; —R1

~1
el
0
1
1 2 3 by
3 —6| —4b, + by
7 8 9 b
1 2 3 by
—3 —6| —4b, + by
(0 0 0|b —2by+0bs

1 0 —1|—(5/3)bs+ (2/3)by
01 2| (4/3)b — (1/3)by
00 0 by — 2by + by
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This implies the rank of B is 2. Here, of the variables (u,v,w), w is a free variable
and when b = (0,0,0),

0 1 0 -1 U u—w
0O(=101 2 v | =|v+2w
0 00 O w 0
We see that u = w and v = —2w and so elements of N(B) are of the form
1
T, =w | —2
1
The special solution is
1
—2
1

For a prescribed b = (by, by, b3), the above work shows that by —2b+ b3 =0 =
by = 2by — by else b is not in the column space of B. Further, we see that

5 2
S A
U 31+32
4 1
= b — b
VT gt T g

The particular solution for this b is given by

~5/3 2/3
0 0
Putting this all together,
~5/3 2/3 1
Lcomplete = xp—i_xn = bl 4/3 +b2 —1/3 —+ w -2
0 0 1

Exercise 5. Write the complete solutions z = x,+, to these systems, as in equation

(4):
122]| Y] [1 t22]| Y [
2 45 wv_4 2 4 4 5_4'
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Solution: We begin with

B RER!

We reduce:
12 2[1 | rpmeon [ 102 2[1] rpnom [ 102 0] -3
2 4 5|4 0 0 1|2 0 01 2 |
So, we see of the variables (u,v,w), v is the free variable. Hence, for the particular
solution, we set v = 0 and conclude that u = —3 and w = 2:
-3
Ty = 0
2

To determine the null space, observe that if

0 1 20]|" u+ 20
= v = ;
0 0 01 w
w
then w = 0 and v = —2v. This implies
-2
Ty =0 1
0
Putting this together,
-3 -2
Zeomplete = Tp + T = 0 +v 1
2 0

For

when we reduce we find

1 2 2
2 4 4

1 2Rt Ry o 1 2 2
4 0 00

Al
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1
This means that [ 4 ] is not in the solution space — which is to say there is no

solution.

Exercise 8. Under what conditions on b; and b, (if any) does Az = b have a solution?

120 3 b b
2 40 7| b |
Find two vectors in the nullspace of A, and the complete solution to Az = b.

Solution: Write

A:

1 20 3|h _gRlﬂgﬁRQ 1 2 0 3 b1

2 4 0 7]b 0 0 0 1|—=2by+0by
_3R2ﬂ§_>R1 1 2 0 0] 7by — 3by
0 0 0 1|—-2b+0by

Here, if our variables are (u,v,w,t), v,w are free variables. This implies that if we
want a particular solution, we set v, w equal to 0 and then take

u = 7b1 —3b2
t = —2b; + by

Hence, for any prescribed b = (b, by),

u 7b1 — 3bo 7 -3
0 0 0 0

LUp 0 0 1 0 + 2 0 )
t —2b1 + b9 —2 1

which is to say there are no needed conditions on b; and by for Az = b to have a
solution.

For the null space, set b = (0,0):

u
o (1200 v |
ol 0001 w |

t

From this, we see that ¢ = 0 and u = —2v. We conclude that elements of the null
space are of the form

u—+ 2v

+ v

o = O O
S =

e}
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The special solutions (which are in the null space) are

0 -2
0 1
and
1 0
0 0
Therefore,

7 -3 0 -2
x =x,+x,=0 X +b X + w X + v L
complete — Lp n — V1 0 2 0 1 0
-2 1 0 0

Exercise 12. Which of these rules give a correct definition of the rank of A?

(a) The number of nonzero rows in R.

Solution: Equivalent

(b) The number of columns minus the total number of rows.

Solution: Not Equivalent

(¢) The number of columns minus the number of free columns.

Solution: Equivalent

(d) The numbers of 1s in R.
Solution: Not Equivalent

2.3. Linear Independence, Basis, and Dimension.

Exercise 1. Show that vy, v9, v3 are independent but vy, v9, v3, v4 are dependent:

1 1 1 2
v = 0 Vg = 1 V3 = 1 Vg = 3
0 0 1 4

Solve civy + -+ - + cqvy = 0 or Ac = 0. The v’s go in the columns of A.
Solution: We begin by showing that vy, vy, v3 are linearly independent.

Method 1: Show civ; + cav9 + c3v3 = 0 implies ¢ = ¢ = ¢35 = 0.
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Write
0
0 | = c1v1 + cace + c3v3
0
1 1 [ 1
=C 0 + Co 1 + c3
0 0 1
[ C1 Co C3 ]
= 0 + Co + C3
L 0 0 C3 ]
- C1 + Cy + C3
= Co + C3
C3

Hence, we see that cs =0 = =0 = ¢; =0.
Method 2: Show that Ac = 0 implies ¢ = (¢, ¢2, ¢3) = (0,0,0)
We take A = [v; vov3]. Then Ac = 0 gives

111 ) c1+ o+ ey 0
Ac=10 1 1 cy | = cot+es | =10
00 1 Cs cs 0

As above, we conclude ¢; = ¢y = ¢35 = 0.
Next, we show vy, vo, v3,v4 are linearly dependent.

Method 1: Show there exist ¢y, ¢, ¢3, ¢4 not all zero such that cyv, 4 covg 4 c3v3+
CqUy — 0.

Observe that

[ 1 1 2
U1+U2—4U3+U4: 0 + 1 —4 1 + 3
|0 0 1 4
[ 141 -4+2
= 1—4+3
I —4+4
[0
=10
|0

Method 2: Show Ac = 0 has a non-zero solution.
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Let A = [v1 v3v3 4] and consider Ac = 0:

— Cl
0 111 2
Co
Of=1011 3
C3
0 0 01 4
L Cs
[ c1+cog+c3+ 2¢
= Co + C3 + 304
| Ccs + 404
From this, we see that c3 = —4cy4, c5 = ¢4, and ¢; = ¢4. Choosing ¢4 = 1, we get the
following non-zero solution:
1
1
C =
—4
1

1 1 1 0
-1 0 0 1 1

v = 0 Vg = 1 V3 = 0 Vg = 1 Vg = 0 Vg =
0 0 -1 0 -1

This number is the __ of the space spanned by the v’s.

Solution: Let A = [v3 vy v3v4v5v6). We find the rank of A. This number is the
dimension of the space spanned by the v;’s. Write

1 1 1 0 0 0 1 1 1 0 0
-1 0 0 1 1 0 RitRas R 0 1 1 1
0 -1 0 -1 0 1 0 -1 0 -1 0
0 0 -1 0 —1 —1 0 0 -1 0 -1 -1
11 10 0 0 (11100 0
Ret Ry s 01 11 1 0 RotRe R 011110
00 10 1 1 001011
00 —1 0 -1 —1 0000O0O0O0

Thus, the maximum number of independent vectors among the v; is 3.
Exercise 5. Decide the dependence or independence of

(a) the vectors (1,3,2), (2,1,3), and (3,2,1).
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Solution: Let

N

I
W
W N
— N W

Then
1 23 1 2 3] 1 2 3
31 2| TRy 5 7| TR g 5 7
2 3 1 2 3 1 0 -1 -5
1 2 3 (1 2 3] [1 2 3
feofs g -1 =5 = 0 5| CRHESEg o1 5
0 —5 —7 0 -5 -7 0 0 18
) 123
e B
00 1

Since we have 3 pivots, the vectors are linearly independent.

(b) the vectors (1,—3,2), (2,1, -3), and (—3,2,1).
Solution: Let

1 2 =3
A= | -3 1 2
2 -3 1
We reduce:
1 2 -3 1 2 =3 1 2 =3
31 9| MutpR g g g | THREESE g o g
2 -3 1 2 -3 1 0o -7 7
1 2 -3
G
0 0 0

Since we only have 2 pivots, the vectors are linearly dependent. In fact,
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Exercise 16. Decide whether or not the following vectors are linearly independent,
by solving cyvy 4+ covs + c3vs + cqv4 = 0:

v = Vg = V3 =

OO\.Hb—‘
OP—‘“OH
_ - O O
_ o = O

Decided also if they span R?, by trying to solving cjv; + -+ + cqvq = (0,0,0,1).
Solution: Write

0= C1U1 + C2U2 + C3V3 + C44

1 1 0 0
1 n 0 n 0 n 1
=c c c c
"o ‘11 11 1o
0 0 [ 1] 1
[ C1 Co 0 i [ 0
c1 0 0 Cq
0 Co C3 0
| 0 0 C3 | | C4
[ Cc1+ Co
. c1+ ¢y
Co + C3
| C3 T
From this, we see
Cl = —Cy = —(C4
Co = —C3
C3 = —C4
If we take ¢; = 1, then
Cc1 = 1, Cy = —1, C3 = 1, Cqy = —1.
So, the v; are linearly dependent because
1 1 0 0 0
n 1 0 n 0 1 0
Ul — Uy + V3 — Vg = — — -
S Y 1 1 0 0
0 0 1 1 0
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Further, the v; do not span R* because if

1+ ¢ 0
C1 + Cy . 0
Co + c3 0 ,
c3+ ¢y 1
then
Cl = —Cy = —(C4
Cy = —C3
C3 = 1-— Cy
Thus, co =c4,—1 = ¢4 =c4—1 = 0= —1 which is a contradiction. Since there
0
. 0] . .
are no solutions, we conclude 0 is not in the column space.
1

Exercise 20. Find a basis for each of these subspaces of R*:

(a)

All vectors who components are equal.

Solution: These vectors are of the form (b,b,b,0) = b(1,1,1,1) and (c +
dic+d,c+d,c+d) = (c,c,c,c)+ (d,d,d,d). Hence, a basis for this subspace

is
{(1,1,1,1)}.
All vectors whose components add to zero.
Solution: If b = (by, bs, b3, by) is in this subspace, then
by +bs+b3+b,=0 <<=  by=—b —by— bs.
This is to say b is of the form
b= (b1, by, bs, —by — by — b3).
Now, observe that b can be written as
b1(1,0,0,—1) + by(0,1,0,—1) + b3(0,0, 1, —1).
Further, the collection {(1,0,0,—1),(0,1,0,—1),(0,0,1,—1)} is linearly inde-
pendent because if b = 0, then by = by = b3 = 0. We conclude
{(1,0,0,-1),(0,1,0,-1),(0,0,1,—1)}

is a basis for this subspace.

All vectors that are perpendicular to (1,1,0,0) and (1,0, 1,1).

Solution: I'm not sure how the students are supposed to complete this
problem since they have not yet discussed vectors being perpendicular in the
book. I'm going to use the dot product in one method and then find the null
space in second method.

Method 1: Use the dot product
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Consider a vector (a, b, ¢, d) which is perpendicular to both (1,1,0,0) and

(1,0,1,1).
(1,1,0,0) - (a,b,¢,d) =a+b=0
(1,0,1,1) - (a,b,c,d) =a+c+d=0
From this, we see that a = —b and a = —c —d. This implies the vectors which

are perpendicular to (1,1,0,0) and (1,0, 1,1) are of the form

—c—d —1 —1
c+d . 1 td 1
c 1
d 0 1

As a basis, we take

{(-1,1,1,0),(—1,1,0,1)}.

Method 2: Find the null space of

A:

1 100
1 011

The vectors (a, b, ¢, d) in the null space of A are those vectors perpendicular
to (1,1,0,0) and (1,0,1,1). So we write

B 1 1 0 0 7Rlﬂ:>32 1 1 00
11011 0 -1 1 1

This means that that b and d are the free variables. Next, we write

HE

From this we see that a = —b and ¢ = b — d, which means an element of the
null space is of the form

a+b
—b+c+d

QU o o R

QU o o 2
>
|
S
—_
|
— O
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Thus, a basis for this subspace is

-1 0
1 0
1] -1
0 1
| . 10101
(d) The column space (in R?) and null space (in R®) of U = 01010 ] '

Solution: Because U is reduced, we see that of the variables (a, b, ¢, d, e),
¢, d, e are free variables. To determine the null space, write

O |[10101
ol 01010

This implies —d = b and a = —c — e. This implies that

a+c+He
b+d

O QL o o R

a —c—e -1 0 -1
b —d 0 —1 0
c | = c | =c 1| +d 0f+e 0
d 0 1 0
| e | i ] . 0 ] | 0 ] | 1]

Hence, the basis of N(U) is

17 [ 0] [-17)
0 ~1 0
L, of,] ofpy
0 1 0

(L ol L o] L 1])

Further, the column space C(U) has as a basis

(el

2.4. The Four Fundamental Subspaces.

Exercise 3. Find the dimension and a basis for the four fundamental subspaces for

1 2 01 1 2 01
A=10 11 0 and U=]10110
1 2 01 0000
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Solution: The four fundamental subspaces of a matrix A are
(a) the column space: C(A)
(b) the null space: N(A)
(c) the row space: C(AT)
(d) the left null space: N(AT)

For
1 2 01
A=101 10
1 2 01

(a) The column space of A is the span of

1 2 0 1
vi=|101, wvl|l1l]|, vs=]1]|, vu=10
1 2 0 1

We see that v; = v4 and
—2U1 + vy —v3 = 0.

Since vy, v3 are linearly independent, we conclude a basis for C(A) is given by

Hence, dim C(A) = 2.

(b) To compute the null space of A, we reduce:

120 1 1201
01 10| Bl g 11 0|=U
1201 0000

From this, we see that of (a, b, c,d), ¢, d are free variables. We write

0 1201 Z a+2+d

ol=10110 — b+ c
C

0 0000 0
d
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We see that —c¢ = b and a = —2b — d = —2(—c¢) — d = 2¢ — d. This implies

a 2c —d 2 -1

b —c -1 0
= = +d

c c ¢ 1 0

d d 0 1

Hence, a basis for the null space is

2 -1
-1 0
1|’ 0
0 1

Moreover, dim N(A) = 2.

(c) We compute the basis of C(AT). Consider

AT =

—_ O N =
O R R O
_= O N =

Then its column space is the span of

V1 = Vg = V3 =

_— O N =
O~ = O
_ O N =

where we immediately observe that v; = vs. Hence, a basis for C(AT) is

_— o NN =
O~ Rk O

From this we see that dim C(AT) = 2.
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(d) To compute the left null space of A (the null space of AT), we first reduce AT.

*2R1+R§4>R2 —R1+R4— Ry

— O N =
S = = O
_ O N =
_ o O =
O = = O
—_ o O =
o O O =
O = = O
o O O =

—R> +R:3‘ —R3

S © O =
S O = O
o O O =

This means, for (a,b,c), c is the free variable. Next, we consider

0 1 0 1 a-+c
0] |0 10 B b
0| 000 B 0
0 000]|LC 0

We see that b = 0 and a = —c. Hence, a basis for the left null space of A is

-1
0
1

This implies dim N(AT) = 1.
For

.-

|
o o
o = N
o — o
o o

(a) The column space of U is spanned by

1 2 0 1
v = 0 s Vg = 1 s V3 = 1 , Uy = 0
0 0 0 0

We see that v = v4 and
—2U1 + Vg — V3 = 0.
Hence, a basis for C(U) is

—_
e}

o O
o

and dim C(U) = 2.
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(b) By p. 104, N(A) = N(U), hence they will have the same basis and dimension.

(c) By p. 104, C(AT) = C(UT), hence they will have the same basis and dimen-
sion.

(d) We begin by reducing U*":

1 00 1 00 1 00
210 *QRlﬁgﬁl% 01 0 7R1ﬂHR4 01 0
010 010 010
| 1.0 0 100 0 00
(1 0 0]
~Ra+Ry—+ Ry 010
0 00
| 0 0 0 |
To compute the null space, write
0 1 00
ol _{oroll3|_|;
0| 000 B
0 000]|LC

This, of course, implies a = b = 0. From our work above, we see that c is free
and so a basis for N(U7) is

and dimN(UT) = 1.

Note 2. Observe that C(A) # C(U) since they do not have the same span. Further,
N(AT) £ N(UT) for the same reason.

Exercise 8. Suppose the only solution to Az = 0 (m equations in n unknowns) is
x = 0. What is the rank and why? The columns of A are linearly _ .

Solution: If Ax = 0, then the null space of A has only one element which means
that nullity (A) = 0. If A has m equations and n unknowns, then it is an m x n
matrix. By the Fundamental Theorem of Linear Algebra, Part I (p. 106), we see that

0=nullity(A) =n—r <= n=r

where r is the rank of A. This implies the columns are linearly independent and
the rank of A is n.

Note 3. The book states on p. 109 in point 2 that “The columns are independent, so
Ax = 0 has only the solution x = 0.” This question forces us to prove that Az = 0
has only the solution x = 0, so the columns are independent, which is not implied by
the book’s statement. Simply stating this as a fact is not appropriate because that
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is not what the book as asserted. Assuming without proof that these statements are
equivalent is a logical fallacy. Consider the following statement:

[ am in West Lafayette, Indiana, thus I am in Indiana.

If T said, “I am in Indiana, thus I am in West Lafayette, Indiana” then I am
being unreasonable because being in Indiana does not necessarily imply I am in West
Lafayette. Similarly, you must have a reason to conclude that if A, then B also implies
if B, then A statement.

Exercise 12. Find the rank of A and write the matrix as A = uv’:

2 =2
6 —6 |

Solution: We first show that each A is of rank 1 (else we cannot write A = uv”):

1003 100 3
0000 21000 0
20 0 6 0000

Hence, this A is rank 1. We take the first row and first column of A to see that

1
A= | o [1003}.
9

2 =2 | smipo |2 -2 |
6 —2 0 0

Hence, A is rank 1. We take the first row and the first column (after we divide the
column by the the (1, 1)-element) and write

Next, write

2.6. Linear Transformations.

Exercise 7. On the space P3 of cubic polynomials, what matrix represents d?/dt?
Construct the 4 by 4 matrix from the standard basis 1,¢,¢2,¢3. Find its nullspace and
column space. What do they mean in terms of polynomials?

Solution: We see that

d? d?
~ (1) = —(t) =
1) = 0] =) =0

d? d?
—(t?) = 2| —(£) = 6t
5 (1) ()
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2
This implies the matrix associated with o is

o O O O
o O O O
o O O N
o O O O

Now, the column space of D, has as a basis

S O O N
o O O O

This means each every element of the column space is given by

(e}

+d

o O O N
oS O O

which corresponds to the polynomial 2¢ + 6dt.

To compute the null space of Dy, we consider

0 00 20 a 2¢
0| |000G6 b| | 6d
0| 0000 c|l | 0
0 0000 d 0

Hence, ¢ = d = 0. Thus, the null space has

1 0
0 1
0110
0 0

as a basis. This means each element of the null space is of the form

— O

+b

o o O =
o O

which corresponds to the polynomial a + bt.

Exercise 8. From the cubics P3 to the fourth-degree polynomials P,, what matrix
represents multiplication by 2 + 3t? The columns of the 5 by 4 matrix A come from
applying the transformation to 1,¢,¢2, 3.
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Solution: We write

(24 3t)(1)

(2+ 3¢)(t)

From this we see our matrix is

2+ 3t

o
I
o o o w N

S O W NN O

S W NN OO

2t + 3t% | (2 + 3t)(t?)

W N O O O
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(2 + 3t)(t?)

2t% 4 3t3

213 + 3t4

We check this works, consider a cubic polynomial and its vector representation:

a+ bt + ct® + dt? <

We see that

QU o o R

(2+3t)(a+ bt + ct? + dt*) = (2 + 3t)a + (2 + 3t)bt + (2 + 3t)ct® + (2 + 3t)dt?

= 2a + 3at + 2bt + 3bt? + 2ct? + 3¢t + 2dt3 + 3dtt

= 2a + (3a + 2b)t + (3b + 2¢)t* + (3¢ + 2d)t* + 3dt*

Since

O O O W N
S O W N O
S W N OO

we see our matrix is correct.

2a
3a+ 2b
30+ 2c
3c+2d
3d

w N O O O
QU o o

2a
3a+2b
3b+ 2c
3c+2d
3d




