
MATH 511 HOMEWORK 2
DUE THURSDAY, JUNE 27, 2019

2. Vector Spaces

2.2. Solving Ax = 0 and Ax = b.

Exercise 2. Reduce A and B to echelon form, to find their ranks. Which variables
are free?

A =

 1 2 0 1

0 1 1 0

1 2 0 1

 B =

 1 2 3

4 5 6

7 8 9

 .

Find the special selection to Ax = 0 and Bx = 0. Find all solutions.

Solution: We begin with A. Let b = (b1, b2, b3). We begin by reducing [A|b]: 1 2 0 1 b1
0 1 1 0 b2
1 2 0 1 b3

 −R1+R3→R3−→

 1 2 0 1 b1
0 1 1 0 b2
0 0 0 0 b3 − b1

 .

The rank A is 2. Of the variables (u, v, w, t), the free variables are w, t and we see
that when b = (0, 0, 0).

 0

0

0

 =

 1 2 0 1

0 1 1 0

0 0 0 0




u

v

w

t

 =

 u+ 2v + t

v + w

0

 .

Hence, we see that v = −w and

0 = u+ 2v + t = u+ 2(−w) + t ⇒ 2w − t = u.

We conclude that every element of N(A) is of the form

xn = w


2

−1

0

1

+ t


−1

0

0

1

 .

The special solutions to Ax = 0 are
2

−1

1

0

 and


−1

0

0

1

 .

1



2 MATH 511 SUMMER 2019

Note 1. The book describes xn and the special solutions a tad ambiguously. From
what I can gather, the special solutions are the vectors without the free variables and
xn is a generic element in the null space.

When b is not the zero vector, b is in C(A) only when b3 − b1 = 0 ⇐⇒ b1 = b3.
This implies that b must be of the form

b =

 b1
b2

b1

 .

Now, setting w and t equal to 0, we get

 1 2 0 1

0 1 1 0

0 0 0 0




u

v

0

0

 =

 u+ 2v

v

0

 =

 b1
b2

b3 − b1


which implies that v = b2 and u = b1 − 2b2. For a prescribed b = (b1, b2, b1), the
particular solution is

xp =


u

v

w

t

 =


b1 − 2b2

b2
0

0

 .

Putting this all together,

xcomplete = xp + xn =


b1 − 2b2

b2
0

0

+ w


2

−1

0

1

+ t


−1

0

0

1

 .

Next, we address B. Let b = (b1, b2, b3) and reduce [B|b]: 1 2 3 b1
4 5 6 b2
7 8 9 b3

 −4R1+R2→R2−→

 1 2 3 b1
0 −3 −6 −4b1 + b2
7 8 9 b3



−7R1+R3→R3−→

 1 2 3 b1
0 −3 −6 −4b1 + b2

0 −6 −12 −7b1 + b3

 −2R2+R3→R3−→

 1 2 3 b1
0 −3 −6 −4b1 + b2

0 0 0 b1 − 2b2 + b3



− 1
3
R2→R2−→

 1 2 3 b1
0 1 2 (4/3)b1 − (1/3)b2
0 0 0 b1 − 2b2 + b3

 −2R2+R1→R1−→

 1 0 −1 −(5/3)b1 + (2/3)b2
0 1 2 (4/3)b1 − (1/3)b2
0 0 0 b1 − 2b2 + b3


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This implies the rank of B is 2. Here, of the variables (u, v, w), w is a free variable
and when b = (0, 0, 0), 0

0

0

 =

 1 0 −1

0 1 2

0 0 0


 u

v

w

 =

 u− w

v + 2w

0

 .

We see that u = w and v = −2w and so elements of N(B) are of the form

xn = w

 1

−2

1

 .

The special solution is  1

−2

1

 .

For a prescribed b = (b1, b2, b3), the above work shows that b1 − 2b + b3 = 0 ⇒
b3 = 2b2 − b1 else b is not in the column space of B. Further, we see that

u = −5

3
b1 +

2

3
b2

v =
4

3
b1 −

1

3
b2

The particular solution for this b is given by

xp = b1

 −5/3

4/3

0

+ b2

 2/3

−1/3

0

 .

Putting this all together,

xcomplete = xp + xn = b1

 −5/3

4/3

0

+ b2

 2/3

−1/3

0

+ w

 1

−2

1

 .

Exercise 5. Write the complete solutions x = xp+xn to these systems, as in equation
(4): [

1 2 2

2 4 5

] u

v

w

 =

[
1

4

] [
1 2 2

2 4 4

] u

v

w

 =

[
1

4

]
.
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Solution: We begin with

[
1 2 2

2 4 5

] u

v

w

 =

[
1

4

]
.

We reduce:[
1 2 2 1

2 4 5 4

]
−2R1+R2→R2−→

[
1 2 2 1

0 0 1 2

]
−2R2+R1→R1−→

[
1 2 0 −3

0 0 1 2

]
.

So, we see of the variables (u, v, w), v is the free variable. Hence, for the particular
solution, we set v = 0 and conclude that u = −3 and w = 2:

xp =

 −3

0

2

 .

To determine the null space, observe that if

[
0

0

]
=

[
1 2 0

0 0 1

] u

v

w

 =

[
u+ 2v

w

]
,

then w = 0 and u = −2v. This implies

xn = v

 −2

1

0

 .

Putting this together,

xcomplete = xp + xn =

 −3

0

2

+ v

 −2

1

0

 .

For [
1 2 2

2 4 4

] u

v

w

 =

[
1

4

]
,

when we reduce we find[
1 2 2 1

2 4 4 4

]
−2R1+R2→R2−→

[
1 2 2 1

0 0 0 2

]
.
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This means that

[
1

4

]
is not in the solution space — which is to say there is no

solution.

Exercise 8. Under what conditions on b1 and b2 (if any) does Ax = b have a solution?

A =

[
1 2 0 3

2 4 0 7

]
, b =

[
b1
b2

]
.

Find two vectors in the nullspace of A, and the complete solution to Ax = b.

Solution: Write[
1 2 0 3 b1

2 4 0 7 b2

]
−2R1+R2→R2−→

[
1 2 0 3 b1

0 0 0 1 −2b1 + b2

]

−3R2+R1→R1−→

[
1 2 0 0 7b1 − 3b2
0 0 0 1 −2b1 + b2

]
Here, if our variables are (u, v, w, t), v, w are free variables. This implies that if we
want a particular solution, we set v, w equal to 0 and then take

u = 7b1 − 3b2

t = −2b1 + b2

Hence, for any prescribed b = (b1, b2),

xp =


u

0

0

t

 =


7b1 − 3b2

0

0

−2b1 + b2

 = b1


7

0

0

−2

+ b2


−3

0

0

1

 ,

which is to say there are no needed conditions on b1 and b2 for Ax = b to have a
solution.

For the null space, set b = (0, 0):

[
0

0

]
=

[
1 2 0 0

0 0 0 1

]
u

v

w

t

 =

[
u+ 2v

t

]
.

From this, we see that t = 0 and u = −2v. We conclude that elements of the null
space are of the form

xn = w


0

0

1

0

+ v


−2

1

0

0

 .
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The special solutions (which are in the null space) are


0

0

1

0

 and


−2

1

0

0

 .

Therefore,

xcomplete = xp + xn = b1


7

0

0

−2

+ b2


−3

0

0

1

+ w


0

0

1

0

+ v


−2

1

0

0

 .

Exercise 12. Which of these rules give a correct definition of the rank of A?

(a) The number of nonzero rows in R.

Solution: Equivalent

(b) The number of columns minus the total number of rows.

Solution: Not Equivalent

(c) The number of columns minus the number of free columns.

Solution: Equivalent

(d) The numbers of 1s in R.

Solution: Not Equivalent

2.3. Linear Independence, Basis, and Dimension.

Exercise 1. Show that v1, v2, v3 are independent but v1, v2, v3, v4 are dependent:

v1 =

 1

0

0

 v2 =

 1

1

0

 v3 =

 1

1

1

 v4 =

 2

3

4

 .

Solve c1v1 + · · ·+ c4v4 = 0 or Ac = 0. The v’s go in the columns of A.

Solution: We begin by showing that v1, v2, v3 are linearly independent.

Method 1: Show c1v1 + c2v2 + c3v3 = 0 implies c1 = c2 = c3 = 0.
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Write  0

0

0

 = c1v1 + c2c2 + c3v3

= c1

 1

0

0

+ c2

 1

1

0

+ c3

 1

1

1



=

 c1
0

0

+

 c2

c2
0

+

 c3
c3
c3



=

 c1 + c2 + c3

c2 + c3

c3


Hence, we see that c3 = 0 ⇒ c2 = 0 ⇒ c1 = 0.

Method 2: Show that Ac = 0 implies c = (c1, c2, c3) = (0, 0, 0)

We take A = [v1 v2 v3]. Then Ac = 0 gives

Ac =

 1 1 1

0 1 1

0 0 1


 c1

c2
c3

 =

 c1 + c2 + c3
c2 + c3

c3

 =

 0

0

0

 .

As above, we conclude c1 = c2 = c3 = 0.

Next, we show v1, v2, v3, v4 are linearly dependent.

Method 1: Show there exist c1, c2, c3, c4 not all zero such that c1v1+c2v2+c3v3+
c4v4 = 0.

Observe that

v1 + v2 − 4v3 + v4 =

 1

0

0

+

 1

1

0

− 4

 1

1

1

+

 2

3

4



=

 1 + 1− 4 + 2

1− 4 + 3

−4 + 4



=

 0

0

0


Method 2: Show Ac = 0 has a non-zero solution.
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Let A = [v1 v2 v3 v4] and consider Ac = 0:

 0

0

0

 =

 1 1 1 2

0 1 1 3

0 0 1 4




c1
c2
c3

c4



=

 c1 + c2 + c3 + 2c4
c2 + c3 + 3c4

c3 + 4c4


From this, we see that c3 = −4c4, c2 = c4, and c1 = c4. Choosing c4 = 1, we get the
following non-zero solution:

c =


1

1

−4

1

 .

Exercise 2. Find the largest possible number of independent vectors among

v1 =


1

−1

0

0

 v2 =


1

0

−1

0

 v3 =


1

0

0

−1

 v4 =


0

1

−1

0

 v5 =


0

1

0

−1

 v6 =


0

0

1

−1

 .

This number is the of the space spanned by the v’s.

Solution: Let A = [v1 v2 v3 v4 v5 v6]. We find the rank of A. This number is the
dimension of the space spanned by the vi’s. Write

1 1 1 0 0 0

−1 0 0 1 1 0

0 −1 0 −1 0 1

0 0 −1 0 −1 −1

 R1+R2→R2−→


1 1 1 0 0 0

0 1 1 1 1 0

0 −1 0 −1 0 1

0 0 −1 0 −1 −1



R2+R3→R3−→


1 1 1 0 0 0

0 1 1 1 1 0

0 0 1 0 1 1

0 0 −1 0 −1 −1

 R3+R4→R4−→


1 1 1 0 0 0

0 1 1 1 1 0

0 0 1 0 1 1

0 0 0 0 0 0


Thus, the maximum number of independent vectors among the vi is 3.

Exercise 5. Decide the dependence or independence of

(a) the vectors (1, 3, 2), (2, 1, 3), and (3, 2, 1).
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Solution: Let

A =

 1 2 3

3 1 2

2 3 1

 .

Then 1 2 3

3 1 2

2 3 1

 −3R1+R2→R2−→

 1 2 3

0 −5 −7

2 3 1

 −2R1+R3→R3−→

 1 2 3

0 −5 −7

0 −1 −5



R2↔R3−→

 1 2 3

0 −1 −5

0 −5 −7

 −R2→R2−→

 1 2 3

0 1 5

0 −5 −7

 5R2+R3→R3−→

 1 2 3

0 1 5

0 0 18


1
18

R3→R3−→

 1 2 3

0 1 5

0 0 1


Since we have 3 pivots, the vectors are linearly independent.

(b) the vectors (1,−3, 2), (2, 1,−3), and (−3, 2, 1).

Solution: Let

A =

 1 2 −3

−3 1 2

2 −3 1

 .

We reduce: 1 2 −3

−3 1 2

2 −3 1

 3R1+R2→R2−→

 1 2 −3

0 7 −7

2 −3 1

 −2R1+R3→R3−→

 1 2 −3

0 7 −7

0 −7 7



R2+R3→R3−→

 1 2 −3

0 7 −7

0 0 0


Since we only have 2 pivots, the vectors are linearly dependent. In fact, 1

−3

2

+

 2

1

−3

+

 −3

2

1

 =

 0

0

0

 .
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Exercise 16. Decide whether or not the following vectors are linearly independent,
by solving c1v1 + c2v2 + c3v3 + c4v4 = 0:

v1 =


1

1

0

0

 , v2 =


1

0

1

0

 , v3 =


0

0

1

1

 , v4 =


0

1

0

1

 .

Decided also if they span R4, by trying to solving c1v1 + · · ·+ c4v4 = (0, 0, 0, 1).

Solution: Write

0 = c1v1 + c2v2 + c3v3 + c4v4

= c1


1

1

0

0

+ c2


1

0

1

0

+ c3


0

0

1

1

+ c4


0

1

0

1



=


c1
c1
0

0

+


c2
0

c2
0

+


0

0

c3
c3

+


0

c4
0

c4



=


c1 + c2
c1 + c4
c2 + c3
c3 + c4


From this, we see

c1 = −c2 = −c4

c2 = −c3

c3 = −c4

If we take c1 = 1, then

c1 = 1, c2 = −1, c3 = 1, c4 = −1.

So, the vi are linearly dependent because

v1 − v2 + v3 − v4 =


1

1

0

0

−


1

0

1

0

+


0

0

1

1

−


0

1

0

1

 =


0

0

0

0

 .
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Further, the vi do not span R4 because if
c1 + c2
c1 + c4
c2 + c3
c3 + c4

 =


0

0

0

1

 ,

then

c1 = −c2 = −c4

c2 = −c3

c3 = 1− c4

Thus, c2 = c4 − 1 ⇒ c4 = c4 − 1 ⇒ 0 = −1 which is a contradiction. Since there

are no solutions, we conclude


0

0

0

1

 is not in the column space.

Exercise 20. Find a basis for each of these subspaces of R4:

(a) All vectors who components are equal.

Solution: These vectors are of the form (b, b, b, b) = b(1, 1, 1, 1) and (c +
d, c+ d, c+ d, c+ d) = (c, c, c, c) + (d, d, d, d). Hence, a basis for this subspace
is

{(1, 1, 1, 1)}.

(b) All vectors whose components add to zero.

Solution: If b = (b1, b2, b3, b4) is in this subspace, then

b1 + b2 + b3 + b4 = 0 ⇐⇒ b4 = −b1 − b2 − b3.

This is to say b is of the form

b = (b1, b2, b3,−b1 − b2 − b3).

Now, observe that b can be written as

b1(1, 0, 0,−1) + b2(0, 1, 0,−1) + b3(0, 0, 1,−1).

Further, the collection {(1, 0, 0,−1), (0, 1, 0,−1), (0, 0, 1,−1)} is linearly inde-
pendent because if b = 0, then b1 = b2 = b3 = 0. We conclude

{(1, 0, 0,−1), (0, 1, 0,−1), (0, 0, 1,−1)}
is a basis for this subspace.

(c) All vectors that are perpendicular to (1, 1, 0, 0) and (1, 0, 1, 1).

Solution: I’m not sure how the students are supposed to complete this
problem since they have not yet discussed vectors being perpendicular in the
book. I’m going to use the dot product in one method and then find the null
space in second method.

Method 1: Use the dot product
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Consider a vector (a, b, c, d) which is perpendicular to both (1, 1, 0, 0) and
(1, 0, 1, 1).

(1, 1, 0, 0) · (a, b, c, d) = a+ b = 0

(1, 0, 1, 1) · (a, b, c, d) = a+ c+ d = 0

From this, we see that a = −b and a = −c−d. This implies the vectors which
are perpendicular to (1, 1, 0, 0) and (1, 0, 1, 1) are of the form


−c− d

c+ d

c

d

 = c


−1

1

1

0

+ d


−1

1

0

1

 .

As a basis, we take

{(−1, 1, 1, 0), (−1, 1, 0, 1)}.

Method 2: Find the null space of

A =

[
1 1 0 0

1 0 1 1

]

The vectors (a, b, c, d) in the null space of A are those vectors perpendicular
to (1, 1, 0, 0) and (1, 0, 1, 1). So we write

=

[
1 1 0 0

1 0 1 1

]
−R1+R2⇒R2−→

[
1 1 0 0

0 −1 1 1

]

This means that that b and d are the free variables. Next, we write

[
0

0

]
=

[
1 1 0 0

0 −1 1 1

]
a

b

c

d

 =

[
a+ b

−b+ c+ d

]
.

From this we see that a = −b and c = b − d, which means an element of the
null space is of the form

a

b

c

d




−b

b

b− d

d

 = b


−1

1

1

0

+ d


0

0

−1

1

 .
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Thus, a basis for this subspace is


−1

1

1

0

 ,


0

0

−1

1


 .

(d) The column space (in R2) and null space (in R5) of U =

[
1 0 1 0 1

0 1 0 1 0

]
.

Solution: Because U is reduced, we see that of the variables (a, b, c, d, e),
c, d, e are free variables. To determine the null space, write

[
0

0

]
=

[
1 0 1 0 1

0 1 0 1 0

]
a

b

c

d

e

 =

[
a+ c+ e

b+ d

]
.

This implies −d = b and a = −c− e. This implies that
a

b

c

d

e

 =


−c− e

−d

c

d

e

 = c


−1

0

1

0

0

+ d


0

−1

0

1

0

+ e


−1

0

0

0

1

 .

Hence, the basis of N(U) is


−1

0

1

0

0

 ,


0

−1

0

1

0

 ,


−1

0

0

0

1




.

Further, the column space C(U) has as a basis{[
1

0

]
,

[
0

1

]}
.

2.4. The Four Fundamental Subspaces.

Exercise 3. Find the dimension and a basis for the four fundamental subspaces for

A =

 1 2 0 1

0 1 1 0

1 2 0 1

 and U =

 1 2 0 1

0 1 1 0

0 0 0 0

 .
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Solution: The four fundamental subspaces of a matrix A are

(a) the column space: C(A)

(b) the null space: N(A)

(c) the row space: C(AT )

(d) the left null space: N(AT )

For

A =

 1 2 0 1

0 1 1 0

1 2 0 1

 :

(a) The column space of A is the span of

v1 =

 1

0

1

 , v2

 2

1

2

 , v3 =

 0

1

0

 , v4 =

 1

0

1

 .

We see that v1 = v4 and

−2v1 + v2 − v3 = 0.

Since v1, v3 are linearly independent, we conclude a basis for C(A) is given by
 1

0

1

 ,

 0

1

0


 .

Hence, dimC(A) = 2.

(b) To compute the null space of A, we reduce: 1 2 0 1

0 1 1 0

1 2 0 1

 −R1+R3→R3−→

 1 2 0 1

0 1 1 0

0 0 0 0

 = U.

From this, we see that of (a, b, c, d), c, d are free variables. We write

 0

0

0

 =

 1 2 0 1

0 1 1 0

0 0 0 0




a

b

c

d

 =

 a+ 2b+ d

b+ c

0

 .
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We see that −c = b and a = −2b− d = −2(−c)− d = 2c− d. This implies


a

b

c

d

 =


2c− d

−c

c

d

 = c


2

−1

1

0

+ d


−1

0

0

1

 .

Hence, a basis for the null space is




2

−1

1

0

 ,


−1

0

0

1


 .

Moreover, dimN(A) = 2.

(c) We compute the basis of C(AT ). Consider

AT =


1 0 1

2 1 2

0 1 0

1 0 1

 .

Then its column space is the span of

v1 =


1

2

0

1

 , v2 =


0

1

1

0

 , v3 =


1

2

0

1

 ,

where we immediately observe that v1 = v3. Hence, a basis for C(AT ) is




1

2

0

1

 ,


0

1

1

0


 .

From this we see that dimC(AT ) = 2.
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(d) To compute the left null space of A (the null space of AT ), we first reduce AT .
1 0 1

2 1 2

0 1 0

1 0 1

 −2R1+R2→R2−→


1 0 1

0 1 0

0 1 0

1 0 1

 −R1+R4→R4−→


1 0 1

0 1 0

0 1 0

0 0 0



−R2+R3→R3−→


1 0 1

0 1 0

0 0 0

0 0 0


This means, for (a, b, c), c is the free variable. Next, we consider

0

0

0

0

 =


1 0 1

0 1 0

0 0 0

0 0 0


 a

b

c

 =


a+ c

b

0

0

 .

We see that b = 0 and a = −c. Hence, a basis for the left null space of A is
 −1

0

1


 .

This implies dimN(AT ) = 1.

For

U =

 1 2 0 1

0 1 1 0

0 0 0 0

 :

(a) The column space of U is spanned by

v1 =

 1

0

0

 , v2 =

 2

1

0

 , v3 =

 0

1

0

 , v4 =

 1

0

0

 .

We see that v1 = v4 and

−2v1 + v2 − v3 = 0.

Hence, a basis for C(U) is
 1

0

0

 ,

 0

1

0




and dimC(U) = 2.
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(b) By p. 104, N(A) = N(U), hence they will have the same basis and dimension.

(c) By p. 104, C(AT ) = C(UT ), hence they will have the same basis and dimen-
sion.

(d) We begin by reducing UT :
1 0 0

2 1 0

0 1 0

1 0 0

 −2R1+R2→R2−→


1 0 0

0 1 0

0 1 0

1 0 0

 −R1+R4→R4−→


1 0 0

0 1 0

0 1 0

0 0 0



−R2+R3→R3−→


1 0 0

0 1 0

0 0 0

0 0 0


To compute the null space, write

0

0

0

0

 =


1 0 0

0 1 0

0 0 0

0 0 0


 a

b

c

 =

 a

b

0

 .

This, of course, implies a = b = 0. From our work above, we see that c is free
and so a basis for N(UT ) is 

 0

0

1




and dimN(UT ) = 1.

Note 2. Observe that C(A) ̸= C(U) since they do not have the same span. Further,
N(AT ) ̸= N(UT ) for the same reason.

Exercise 8. Suppose the only solution to Ax = 0 (m equations in n unknowns) is
x = 0. What is the rank and why? The columns of A are linearly .

Solution: If Ax = 0, then the null space of A has only one element which means
that nullity (A) = 0. If A has m equations and n unknowns, then it is an m × n
matrix. By the Fundamental Theorem of Linear Algebra, Part I (p. 106), we see that

0 = nullity (A) = n− r ⇐⇒ n = r

where r is the rank of A. This implies the columns are linearly independent and
the rank of A is n.

Note 3. The book states on p. 109 in point 2 that “The columns are independent, so
Ax = 0 has only the solution x = 0.” This question forces us to prove that Ax = 0
has only the solution x = 0, so the columns are independent, which is not implied by
the book’s statement. Simply stating this as a fact is not appropriate because that
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is not what the book as asserted. Assuming without proof that these statements are
equivalent is a logical fallacy. Consider the following statement:

I am in West Lafayette, Indiana, thus I am in Indiana.

If I said, “I am in Indiana, thus I am in West Lafayette, Indiana” then I am
being unreasonable because being in Indiana does not necessarily imply I am in West
Lafayette. Similarly, you must have a reason to conclude that if A, then B also implies
if B, then A statement.

Exercise 12. Find the rank of A and write the matrix as A = uvT :

A =

 1 0 0 3

0 0 0 0

2 0 0 6

 and A =

[
2 −2

6 −6

]
.

Solution: We first show that each A is of rank 1 (else we cannot write A = uvT ): 1 0 0 3

0 0 0 0

2 0 0 6

 −2R1+R3→R3−→

 1 0 0 3

0 0 0 0

0 0 0 0

 .

Hence, this A is rank 1. We take the first row and first column of A to see that

A =

 1

0

2

[
1 0 0 3

]
.

Next, write [
2 −2

6 −2

]
−3R1+R2→−→

[
2 −2

0 0

]
.

Hence, A is rank 1. We take the first row and the first column (after we divide the
column by the the (1, 1)-element) and write

A =

[
1

3

] [
2 −2

]
.

2.6. Linear Transformations.

Exercise 7. On the space P3 of cubic polynomials, what matrix represents d2/dt2?
Construct the 4 by 4 matrix from the standard basis 1, t, t2, t3. Find its nullspace and
column space. What do they mean in terms of polynomials?

Solution: We see that

d2

dt
(1) = 0

d2

dt
(t) = 0

d2

dt
(t2) = 2

d2

dt
(t3) = 6t
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This implies the matrix associated with
d2

dt
is

D2 =


0 0 2 0

0 0 0 6

0 0 0 0

0 0 0 0


Now, the column space of D2 has as a basis


2

0

0

0

 ,


0

6

0

0


 .

This means each every element of the column space is given by

c


2

0

0

0

+ d


0

6

0

0


which corresponds to the polynomial 2c+ 6dt.

To compute the null space of D2, we consider
0

0

0

0

 =


0 0 2 0

0 0 0 6

0 0 0 0

0 0 0 0




a

b

c

d

 =


2c

6d

0

0

 .

Hence, c = d = 0. Thus, the null space has


1

0

0

0

 ,


0

1

0

0




as a basis. This means each element of the null space is of the form

a


1

0

0

0

+ b


0

1

0

0


which corresponds to the polynomial a+ bt.

Exercise 8. From the cubics P3 to the fourth-degree polynomials P4, what matrix
represents multiplication by 2 + 3t? The columns of the 5 by 4 matrix A come from
applying the transformation to 1, t, t2, t3.
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Solution: We write

(2 + 3t)(1) = 2 + 3t (2 + 3t)(t2) = 2t2 + 3t3

(2 + 3t)(t) = 2t+ 3t2 (2 + 3t)(t3) = 2t3 + 3t4

From this we see our matrix is

A =


2 0 0 0

3 2 0 0

0 3 2 0

0 0 3 2

0 0 0 3

 .

We check this works, consider a cubic polynomial and its vector representation:

a+ bt+ ct2 + dt3 ↔


a

b

c

d

 .

We see that

(2 + 3t)(a+ bt+ ct2 + dt3) = (2 + 3t)a+ (2 + 3t)bt+ (2 + 3t)ct2 + (2 + 3t)dt3

= 2a+ 3at+ 2bt+ 3bt2 + 2ct2 + 3ct3 + 2dt3 + 3dt4

= 2a+ (3a+ 2b)t+ (3b+ 2c)t2 + (3c+ 2d)t3 + 3dt4

↔


2a

3a+ 2b

3b+ 2c

3c+ 2d

3d


Since 

2 0 0 0

3 2 0 0

0 3 2 0

0 0 3 2

0 0 0 3




a

b

c

d

 =


2a

3a+ 2b

3b+ 2c

3c+ 2d

3d

 ,

we see our matrix is correct.


