MATH 511 HOMEWORK 4
DUE THURSDAY, JULY 11, 2019

This first part of the solutions is meant to clarify an element from the textbook.
On p. 175 in 3Q, we are given the definition of orthogonal matrices:

Definition 1. () is an orthogonal matrix if it is a square matrix with orthonormal
columns.

In this same blue box, we are told that if ) has orthonormal columns, then
QTQ = I. Now, it turns out that the converse is true as well; that is, if QTQ = I,
then () has orthonormal columns. We present a quick proof after we formulate the
statement.

Proposition 2. Let Q be a square matrix. () is orthogonal if and only if Q7Q = I.

Proof. (=) Suppose that @ is orthogonal. Then @, by definition, has orthonormal
columns. By the comment in 3Q, we have QTQ = I.

(<) Suppose that QTQ = I. Let ¢; be the i*® column of Q. The (i, j)-entry of
QT Q is the matrix product of ¢/ and ¢;. By assumption Q7Q = I, hence

1 ifi=y
T .o
c; ¢ = (1,7)-entry =
J (i-J) Y { 0 else
We conclude that the ¢; are orthonormal by definition. 0

3. ORTHOGONALITY

3.4. Orthogonal Bases and Gram-Schmidt.

Exercise 2. Project b = (0, 3,0) onto each of the orthonormal vectors a; = (%, §7 —%)
2 2
373
Solution: We begin by finding the projection of b onto

and ay = (—%, ), and then find its projection p onto the plane of a; and as.

2 -1
1 1
a, = — 2 and a9 = 3 2
-1 2
ol
Proj,, b: The projection of b onto a; is given by Proj, b= aiplch a;. But, since we

are told a; is a unit vector (because a, ay are orthonormal), we know that alTal =1.
Our formula then simplifies to (alb) a;. We write
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0 2
Proj, b— | - (22 —1]]|3 Ly
r = | = — z
Olas 3 3
0 —1
1 2
=3@0)+23)+(=DO) | 3| 2
-1
] 2
—1
2
_2
-3
-1
ald
Proj,, b: The projection of b onto a; is given by Proj,, b = —— a,. For the same

reason as above, we know that ala; = 1 which simplifies our formula to (alb) as.
Write

1 ’ o
Proj,, b= g[_l 2 2} 3 3 2
0 2
~1
= 2((=D)(0) +2(3) +2(0)) | 5| 2
X ~1
=50 | 2
2
~1
_2|
~ 3
2

Next, we compute the projection of b onto the plan spanned by a; and a,. We
provide two methods to go about this.

Method 1: Because a1, as are orthonormal, if
2/3 —1/3 2 —1
Q= [a1 as] = 2/3  2/3 | = 2 2,
-1/3  2/3 -1



MATH 511 SUMMER 2019 3

then the projection onto its columns is given by P = QQT. We compute P:
P=QQ"

2 —1

1 5 o 1 2 2 —1

3 3] -1 2 2
-1 2

441 4-2 -2-2

1
=5 4—2 444 —2+44
| —2-2 —2+4 1+4
[ 5 2 -4
_ ! 28 2
9
42 5
Then, we compute p = Pb:
X [ 2 —4 0
p:Pb:§ 2 8 2 3
| -4 2 5 0
L[ 500) +2(3) + (=4)(0)
=9 2(0) + 3(8) 4+ 2(0)
I —4(0) 4+ 2(3) + 0(5)
[ 6
_ 1y
9
| 6
[ 1
_2,
3
1

Method 2: We could also just consider equation (4) on p. 176 and write

2 —1 1

2 2 2
= Proj,, b+ Proj, b= - 2 = 2| =214
p rOJal + ro.]ag 3 1 +3 2 3 1

Exercise 5. If u is a unit vector, show that Q = I — 2uu” is a symmetric orthogonal
matrix. (It is a reflection, also known as a Householder transformation.) Compute @

T_[l 1 _ 1 _l}
when u! = 5 5 5 5]

Solution: For () to be a symmetric, orthogonal matrix we need 3 things:

(a) @ is a square matrix

(b) Q" =@
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() @' =QF
Suppose u is an m X 1 unit vector.

T T

(a) Since u' is a 1 x m vector, uu’ is an m x m matrix. Taking I to also be an
m X m matrix, () is indeed a square matrix.

(b) Observe that for matrices A, B where AB is defined, then (AB)T = BT AT.
Moreover, for A, B matrices and ¢ € R, we know that

(A" = Aand (A+cB)" = A" 4+ ¢B”.
Hence, we see that
QF = (I —2uu™)" = 1" — Quu")" =T -2 u" =T - 2uu’” = Q.

(c) Although we can prove that Q~! = Q* from the definition given on p. 175,
this is more tedious than using its other characterization. We show Q7Q = I
and then appeal to prop (2). Write

QTQ = QQ = (I — 2uu™)(I — 2un”)
=1 —2uu” — 2uu” + 4(uu®) (uu™)

=1 — duu” + 4u (u"u) u” since u is a unit vector
———
1

=TI — duu” + duu”

=
We conclude that @) is orthogonal.
Now, let u” =[5 1 —1 —1], then
Q=1-2uu”
(1.0 0 0] 1/2
0100 1/2
- 9 [1212—12—12
0010 —-1/2 21 / /
000 1| | —1/2
(10 0 0] [ 1/4  1/4 —1/4 —1/4
0100 o VA 14 -4 -1
0010 —1/4 —-1/4 1/4 1/4
000 1| | —1/4 —1/4  1/4  1/4
[1.0 0 0] /2 1/2 —1/2 —1/2
o100 /2 1/2 —-1/2 —1/2
10010 —1/2 —-1/2  1/2 1/2
0001 —1/2 —1/2  1/2  1/2
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1/2 -1/2  1/2  1/2
~1/2  1/2  1/2  1/2
12 12 1/2 -1/2
12 12 -1/2  1/2

Exercise 13. Apply the Gram-Schmidt process to

and write the result in the form A = QR.

Solution: Since ||a|| = 1, we take this as ¢; = a. Then,

¢@1-b=0(0)+0(1) +1(1) =1

means
0 0 0
B=b—(qi-b)gi=|1|—-]0]|=]|1
e | | 0

Since ||B| =1, we let B = ¢.

We see that
¢ -c=01)+0(1)+1(1) =1
and
@ c=0(1)+1(1)+0(1) =1.
Hence,

1 1
0 0 1
—l1|-]o|=|1]=1]o0
1 0 0

Since |C]| =1, C' = gs.

From our work above, we see that

A=

_ o O
_ = O
—_ =
I
1
[}
—
(=)
[\
K
w
o oo = —
)
=
o .
IS
K
N =
S o
D Q
[
[ e}
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Exercise 23. Find the Fourier coefficients ag, a1, by of the step function y(z), which
equals 1 on the interval 0 < x < 7 and 0 on the remaining interval 7 < x < 27:

g W) (eosw) o (ysinz)

(cosx, cosx)’ (sinz, sinz)

Solution: We proceed through the tedious computations:

2m 2m s 2
(y,l):/ y'ldx:/ yda::/ 1dx—|—/ Oder ==
0 0 0 ™

0

2m s 2
(y,cosx) :/ y'cosxdx:/ cosa:dx—l—/ Odr = sinx
0 0 T

0

2 s 2w
:/ y~sinxdx:/ sinxdx—i—/ 0Odr = —cosz
0 0 ™

0

™

= [7]

0

™

= sin(7) —sin(0) =
0 0 0

™

0

= —cos(m) —(—cos0) =1+ 1= 2]

2T
(1,1) :/ 1~1dx:x
0

27
1 1
/ sinz - sinx dx :/ 81n2xdx:/ (§—§COS(QI)) dx
0

0

J/

-
half-angle formula

2

1 1

1 1 ;(QW) — ;15111(2(27?)) — <—(0) 1 sin(2(0)))

= -z — —sin(2x)

2 4 2

0

1 1
=m — —sin(4r) +-sin(0) =
b~ 4~
0 0

Putting this all together, we see that

oW _ T 1

T 1,1 2r 2

o - (y,cosz) 0 _0
"7 (cosz,cosxz)  (cosz,cosx)
b — (y,sinz) 2

"7 (sinz,sinz) 7w

Exercise 24. Find the fourth Legendre polynomial. It is a cubic 2 + az? + bz + ¢

that is orthogonal to 1, z, 2% — % over the interval —1 < x < 1.
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Solution: Let L4 be the fourth Legendre polynomial. Then we know that

e 02 @) (m?:%,f’)l) (2-1).

(171) (xvx) ($2_§,752—§

Again, we go through the tedious computations. I apologize for the following.

1 1 1
:/ 1-1d9::/ ldrv==z| =1-(-1)=[2]
-1 -1 -1
1 1 1
1 1 1 1 [2
(x,2) :/ x-xdx:/ vidr=-2% =-(1)P-Z(-1)pP=-+-= 2
. . 371, 3 3 33 |3
! 1 1 ! 2 1
(wQ—l,xQ—l):/ i N dx:/ ot — 2+~ ) do
3 3 . 3 3 . 3 9
1, 2, 11" 1., 2 4 1 1, . 2 4 1
= = “xl = ()P =21+ (1) = [ =(=1)° = Z(=1)° + =(—1
£ g% +9$_1 5() 9()+9() 5( ) 9( )+9( )
L2112 1 2 2 18 10 (8
5 9 9 5 9 9 5 9 45 45 |45
1 1 1
1 1 1 1 1
1,23 = 1-2%d :/ 3dr =2 =Z(1) = (=1)*=Z_—-2=
L= [ 1atde= [ dr= ot =G0 - G-n= -G =0

Thus, we see that

_ .T3 o (1’1‘3) . (Iwrg) T — (IQ — %7'T3) 2 1
N (1,1) (@, 2) © (22— 5,27 = 3) ( )

- @) () ) (-3

We check that L, is orthogonal to 1, z, 22 — % Write

1 1
(L4,1):/ x3—§x -ldx:/ 2}~ Zx ) de = -2t — —2?
1 3 _ ) 4 10 |_

1
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