MATH 511 HOMEWORK 5
DUE THURSDAY, JULY 18, 2019

3. ORTHOGONALITY

3.5. The Fast Fourier Transform.

Exercise 5. Find all solutions to the equation e = —1, and all solutions to e = 1.

Solution: We begin with the observation that e = —1 and e® = i for a,b €
[0, 27) have unique solutions. By periodicity,

r=m+42mn, n €L

9:g+27m, n ez

|
Exercise 8. Solve the same system with y = (2,0, —2,0) by knowing F, ' and com-

puting ¢ = F; 'y. Verify that ¢y + c1€® 4 c2e%® + c3e3® takes the values 2,0, —2,0 at
the points z = 0,7/2, 7, 37/2.

Solution: From # 7, we want to solve 4 x 4 system (6) for prescribed y. For this
question,

o + ¢ + ¢ + i = 2
; 2 3 _
Fie =y cog + ?201 + 2'402 + 2'603 =
co + 1°c; + ifcg + 1Pcy = —2
co + 2.361 + 2.662 + 2'963 =0
where this I’ takes w = 1.
We observe
it =—1
3= —i
it=1
0 =i*=-1
i) =% = (—1)(—i) =i
Then,
1 1 1 1 1 1 1 1
IR B I B AR Rt 1|1 — -1
F4 = = - I TR = =
1 42 ¢ 46 411 -1 1 -1
1 43 6 9 1 i -1 —i



2 MATH 511 SUMMER 2019

Write
101 1 1 2
1 —i -1 i 0
Frly==
1 Y=y 11 -1 )
IR 0
292
1242
41 2-2
2+ 2
[0 0
14 |1
N ol |0
4 1

We check that for each y;,

y; = co +cre™ + €% 4 g0t |

Since (cg, 1, ¢a, ¢3) = (0,1,0,1), this simplifies to y; = €™ 4 ¢35,
T Ui
0 o0 L B0 111 —
2 |G 4 (T = i = 0
T em o+ el = —1-1 = =2
3r/2 | (F) 4+ (F) = 4 = 0

Exercise 11. Compute y = Fc by the three steps of the Fast Fourier Transform if
c=(1,0,1,0).

Solution: We go through the steps.
Step 1: Divide ¢ into even-numbered, ¢/, and odd-numbered, ¢”, components
Let ¢ = (1,1) and ¢’ = (0,0).
Step 2: Transform ¢’ and ¢” by F,, into y" and y"

Since wy = i, we see by ws = (wy)? = (1)> = —1 by equation (12) on p.

193. Hence, we see that

Fy =
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Then

Step 3: Reconstruct y

Via equation (13) on p. 194,

v+ yg 2+1°(0) 2
B T/ A7/ O N (0) I I
P =it | 2= | |2
g, —ily! 0— i (0) 0

4. DETERMINANTS

4.2. Properties of the Determinant.

Exercise 4. By applying row operations to produce an upper triangular U, compute

1 2 =20 2 -1 0 0
2 — — —
det s 41 and  det 1 2 1 0
-1 -2 0 2 0 —1 2 -1
0 2 5 3 0O 0 —1 -2

Exchange rows 3 and 4 of the second matrix and recompute the pivots and determi-
nant.

Solution: Let

1 2 =20 2 -1 0 0

e 2 3 41 and B — -1 2 -1 0
-1 -2 0 2 0 -1 2 -1

0O 2 5 3 0 0 -1 -2

We use property (5) and property (7) of determinants, that is, we use row opera-
tions (adding a multiple of one row to another) to reduce the matrices to triangular
matrices and then compute the determinant from the triangular matrix.

We write
1 2 -2 0 1 2 -2 0
—2R1+Ro—R
e 2 3 -5 1 Rliﬁ_gézﬁ 0 -1 01
~1 -2 0 2 0 0 —2 2
0 2 53 0 2 53
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1 2 =20 1 2 =2 0
2Rz-+ RacrRa 0 —1 01 (5/2)R3_+1)~24aR4 0 -1 0 1 _U,
0O 0 —2 2 0 0o -2 2
0O 0 55 0 0 0 10
det A =det Uy = 1(—1)(—2)(10) = 20
2 -1 0 0 [2 -1 0 0
B -1 2 -1 0 R 0 3/2 =1 0
0 —1 2 -1 0 -1 2 -1
0 0 -1 =2 | 0 0 -1 -2
2 -1 0 0 (2 -1 0 0
(2/3) Rt a— o 0 3/2 -1 0 (3/4) Ra+ R Ra 0 3/2 -1 0
0 0 4/3 -1 0 0 4/3 -1
0 0 —1 —2 0 0 0 —11/4
3 4
det B = det =2 = — — =—11
en=dave=2(3) (3) (-5)
C = PB where
1 000
p_ 0100
0 001
0010
Since det P = —1,
detC = —det B=11
by property (9).
We can also approach this as we did above:
2 -1 0 0 [2 -1 0 0
o -1 2 -1 0 (1/2) R+ Ba—s o 0 3/2 -1 0
0 0 —1 -2 0 0 -1 -2
0o -1 2 -1 |0 -1 2 -1
2 -1 0 0 [2 -1 0 0
(2/3)R2_+}>%4—>R4 0 3/2 -1 0 (4/3)R3_-i-}>24—>R4 0 3/2 -1 0
0 0 -1 -2 0 0 -1 -2
0 0 4/3 -1 | 0 0 0 —11/3
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11
det C =detUs =2 (g) (—1) <—§) =11.

Exercise 7. Find the determinants of:

Then

(a) a rank one matrix

1
A= |4 [2 1 2].
2

Solution: A is a 3 x 3 matrix that is rank 1, which implies it is singular.
By property (8), det A = 0.

[
(b) the upper triangular matrix
4 4 8 8
U_ 01 2 2
00 26
0 00 2
Solution: detU =4-1-2-2 =16 by property (7).
|
(c) the lower triangular matrix U7
Solution: By property (10), det UT = det U = 16.
|
(d) the inverse matrix U~
Solution: By property (9), det U~ = L1
polution: By property ) T detU 16
|

(e) the “reverse-triangular” matrix that results from row exchanges,

000 2
M:0026
012 2
4 4 8 8

Solution: Let
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Then
det M = —det M/ = —(—det M") = det U = 16

by property (2).

[ |
Exercise 14. True or false, with reason if true and counterexample if false:
(a) If A and B are identical except that b;; = 2aq, then det B = 2det A.
Solution: False. Consider
1 1 21
A= and B =
1 1 1 1
where det A =0 and det B = 1.
[ |

(b) The determinant is the product of the pivots.

Solution: False. By the definition of pivot given on p. 479, pivots cannot
be zero. We can only apply equation (1) on p. 205 if the matrix is non-singular.
The matrix

20
00

has only one pivot, 2. But det A = 0 by property (8) because it is singular.
Again, 0 does not count as a pivot.

A:

|
(c) If A is invertible and B is singular, then A 4+ B is invertible.
. 0 0
Solution: False. Take A =1 and B = 0 1|’ then
10
A+ B= .
* 0 0 ]
|
(d) If A is invertible and B is singular, then AB is singular.
Solution: True. By property (8) and (9),
det(AB) = (det A) (det B) = 0.
0
|

(e) The determinants of AB — BA is zero.
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Solution: False. Let

A= L0 and B = 01 ,
0 -1 -1 0
then
Ap—| Y1 and BA=| O M|
10 -1 0

From this, we get
AB — BA — 01| 0 -1 _ 0 2 '
10 -1 0 20

Then det(AB — BA) = —4 # 0.

|
4.3. Formulas for the Determinant.
Exercise 7.
(a) Evaluate this determinant by cofactors of row 1:
4 4 4 4
1201
2 01 2
110 2
Solution: Expanding along row 1, we get
4 4 4 4
2 1
det M = X
2 01 2
110 2
2 0 1 01 1 21 1 20
=4(-D)" 0 1 2 |+H4(-D"22 1 2 [+H4(-D" 2 0 2 | H4(-D" |2 0 1
1 0 2 1 0 2 11 2 1 10
We compute A, B,C, D.
1 2 0 2 0 1
A=2(-1)'! 0(—1)"*2 1(—1)H3
D7y o [T DT

=22-0)+0+(0-1)
=4-1=3
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1 2 1
B=1(-1 1+1 0(—1 142 1(—1 143
(] 0D ERICe R I
=2-0)+0+(0—-1)
=2—-1=1
0 2 2 0
C=1(-1! 2(—1)*?2 1(—1)3
G e I T Co s el S TCS Vi e
:(0—2)—2(4—2)+(2—0)
:—2—2(2)—|—2
=-2—-442=-4
01 0
Dzl(_1>1+1 Lo +2<_1)1+2 +O(_1>1+3 .

=0-1)—=2(0—-1)+0
=—1+2=1

From this, we conclude
det M =4A —4B+4C —4D =12 —-4—-16 —4 = —12.

(b) Check by subtracting column 1 from the other columns and recomputing.

Solution:
44 44 chcpse, [4 0 00
v |20 :81@:83 L1 =10,
2 0 1 2 2 -2 -1 0
110 2 1 0 -1 1
Then det M’ is
1 -1 0 1 -1 0
=4(-1)" -2 —1 0 |+0(-1)'"**|2 —1 0
0 —1 1 1 -1 1
1 10 1 1 -1
+0(-=1)" 2 —2 0 |+0(-1)'"| 2 —2 -1
1 01 1 0 —1
1 -1 0
=4(-)"| -2 -1 0
0 —1 1
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:4[1(_ )1+1 :1 (1) (_1)<_1)1+2 _(2) (1) +O(—1)1+3 —E :1 ]
=4[(=1-0) + (=2 —0) + 0]
=4[-1—-2]=—-12

For Problem 13, use the big formula with n! terms: |A| =) +aj a3 - an,.

Exercise 13. Compute the determinants of A, B,C from six terms. Independent

rows?
1 2 3 1 2 3 1 11
A=13 1 2 B=|4 4 4 C=1110
3 21 56 7 1 00

Solution: I think the question wants us to use equations (4) and (5) on p. 212,
but it is not clear. Before we do this though, I'm going to list the six 3 x 3 permutation
matrices.

Matrix Name Matrix Determinant ‘

Py

P23
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Matrix Name Matrix Determinant

S
—_
o

—_
@)
)

e}
]
—_

P132

—_
o
o
—

Now, we compute the determinants of A, B, and C' in the spirit of equations (4)
and (5).

1 00 020 0 0 3 1 00 0 20 00 3
[detAJ=]{0 1 0[+|0 0 2|+[3 0 0[+]|00 2[+|[300|+]0 10
0 01 300 020 020 0 01 300
= (DM@)[P1] + (2)(2)(3)[Pras| + (3)(3)(2)| Pis2]
+ (1)(2)(2)[Pes| + (2)(3)(1)[ Prz| + (3)(1)(3)[ Prs]
=1+124+18—-4—-6—-9=[12
Since det A = 12 # 0, the rows of A are linearly independent.
1 00 020 0 0 3 1 00 0 20 00 3
[detBl=10 4 0|+|{0 0 4|[+|4 0 0|+[0 0 4[+[400|+|040
007 50 0 0 6 0 0 6 0 007 50 0
= (D)(@)(7)[P1] + (2)(4)(5)[ Pr2s| 4 (3)(4)(6)| Prs2|
+ (1)(4)(6)| Pas| + (2)(4)(7) | Paz| + (3)(1)(3)| Pas|
=28 +40 + 72 —24 — 56 — 60 = [0]
Since det B = 0, the rows of B are linearly dependent. In fact,
[1 2 3}+[4 4 4}:[5 6 7].
1 00 010 0 01 1 00 010 0 01
det(C)/=10 1 0|+]0 0 0O|+|1 0 O0|+|0 0 O+|1 0O0[+[0 10
0 00 1 00 0 00 0 00 0 00 1 00
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= (W@)(O)P1] + (1)(0)(1)[ Pras| + (1)(1)(0)[ Praz]
+ (1)(0)(0)[ Pos| + (1)(1)(0)[ Prz| + (1)(1)(1)[ Prs]
=04+0+0+0+0+1(-1)=[-1

Since det C' = —1 # 0, the rows of C' are linearly independent.

5. EIGENVALUES AND EIGENVECTORS

5.1. Introduction.
Exercise 4. Solve du/dt = Pu, when P is a projection:

du [ 1/2 1/2 , R
ﬁ_ll/Q 1/2]u with u(())_[?)].

Part of «(0) increases exponentially while the null space part stays fixed.

Solution: By example (2) on p. 238, we know that the eigenvalues of P are 0
and 1 since it is a projection and

1
/\1:11’1: 1]

1
/\QZOZEQZ _1]

Then, by equation (12) on p. 237, we see that

1
+ c9el? [ ) ] = cpet

Next, we solve the initial value problem:

u(t) = cret + ¢y

1+ ¢

C1 — Co

Back-solving, we see that ¢; = 3 4 ¢3 and so
S=ci+c=3+c+ca=3+2c0 = co=1.
Then, ¢; = 4. We conclude
1
-1 |

u(t) = 4e’ +

1
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Exercise 5. Find the eigenvalues and eigenvectors of

3 4 2 0 0 2
A=10 1 2 and B=|0 2 0
0 00 2 00

Check that A\; + A3 + A3 equals the trace and A AaA3 equals the determinant.
Solution: We begin by computing eigenvalues and eigenvectors of A. By property
(7) on p. 204,
3—A 4 2
det(A — \I) = 0 1—X 2
0 0 =X
= (3= N1 -A)(-A) =0
implies the eigenvalues of A are A = 0,1, 3.
A1 = 0: We find the null space of A. Write

3 4 2 T
0=Ax= |0 1 2 T
1000 T3
[ 31y + 4y + 223
= To + 21‘3
i 0
We see that x5 is the free variable. Moreover, ro = —2x3 and

3r1+4xy 4+ 223=0
= 3r; +4(—2x3) + 223 =0
= 3r1 —8r3+2x3=0
= 3x;1 —6x3=0
= 3x; = 6x3
= I =213
We conclude an associated eigenvector to A\; = 0 is
2

y=1 —2
1

Ay = 1: We find the find the null space of A — I. Write
0=(A—-1)z
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(24 2] [ m
- 00 2 T
| 00 -1 XT3
[ 211 + 4xo + 223
= 21’3
We see that x3 = 0 and, taking x5 as the free variable, we see that r1 = —2x5. So an
eigenvector associated to Ay =1,
—2
Yo = 1
0
A3 = 3: We find the null space of A — 31.
0=(A-3DNx
[0 4 7
= 0 -2 2 To
0 0 =3 T3
[ 41’2 + 21’3
= | —2x9+ 223
| —3512'3

So x3 = 0 which implies x5 = 0. An eigenvector associated with A3 = 3 is

Ys =

Now, we check that TrA =X+ X+ X3=0+1+3 =4.

3 4 2
Tr| 0 1 2
000

1
0
0

—=3+1+0=4.

Similarly, we check det A = MXA3 = 0-1-3 = 0. By property (6) on p. 204,

det A = 0 since it has a row of zeros.

Our next step is to find the eigenvalues and eigenvectors of B.

det(B — \I) =

-A 0 2
0 2-Xx 0
2 0 —A
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2—-X 0
0 =X

0 O
2 =

0 2—-2A

= —\(-=1)'!
(—1) 5 0

—0(=1)'*? +2(=1)'?

= A2 =A)(=A\) = 0] =04 2[0 —2(2 — \)]
=22 —4(2-))

(2= 2\ —4)

2=MNA=2)A+2)=0

B has two eigenvalues: A = +2. Observe that the algebraic multiplicity of A = 2 is 2.
A1 = —2: We find the the null space of B + 21.

0=(B+2[)x
(20 2] [ m
= 0 40 T2
12 0 2] | 23
[ 2x1 + 223 ]
= 41‘2
| 21‘1 + 21’3 ]
We see then that zo = 0 and x; = —z3. An eigenvector associated to Ay = —2 is
1
=
-1

Ay = 2: We find the null space of B — 21.

0=(B-20x
20 2] [m
= 00 0 To
| —2 T3
[ —233'1 -+ 25[}3
= 0
i 21‘1 - 25(]3

Hence, we see that 1 = x3. Here we have two linearly independent eigenvectors
associated with \y = 2:
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Now, we show that TrB =X { + XA+ Xy = =2+ 2+ 2 =2 and det B = A\ A\ =
—2-2-2 = —8. We note that A\, appears twice in both Tr B and det B because it has
multiplicity 2. Write

0 0 2
Tr| 02 0[|=0+2+0=2
2 0
and
00 2
2 0 0 0 0 2
2 0|=0(-1)"" 0(—1)*2 1+3
0 ()00+(>20(>20
200
_ 5|02
2 0
=2(0—4)= -8

5.2. Diagonalization of a Matrix.

Exercise 1. Factor the following matrices into SAS™!:

11 2 1
Al = and AQ = .
11 00
Solution: We start with A;. Write
1— 1
det(A— A1) —| 72
1 1—A

=(1=-N1-)-1

=N -2\ +1-1
=\ -2\
—AA=2)=0

We see the eigenvalues of A; of A =0, 2.
A1 = 0: We find the null space of Aj.

O:Alflf

-]

T+ X2

ZL’1—|—JI2
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Hence, we see 1 = —x5 which means an eigenvector associated to Ay = 0 is

A2 = 2: We find the null space of A; — 21.

-1 ]

—T1 + X2

T — T2

From this we get 1 = x5 and conclude an eigenvector associated to Ay = 2 is

Now that we have eigenvalues and associated eigenvectors of A, we may take

~1 1 L1 1 4
Sl—[ ] and Sl ——5 1 1

We check this works:

1 1 =1 ][1 1] =1 1]
STIAS, = —=
1 21 -1 —1 [ 11
1] 1 =1 fo 2]
2 -1 -1 0

1o 0
20 —4
_[0 0] _n
0 2
Next, we consider As.
2—X 1
det(Ay — A\I) =
et{Az = M) 0 —A

= (2= M\)(-A)—-0=0

The eigenvalues of Ay are A = 0,2. We compute associated eigenvectors.
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A1 = 0: We find the null space of A,.

0= AQZL‘
RERNRE:
10 0| 2
B [ 221 + T9
B 0
We see that x9 = —2x1. An eigenvector associated to \; = 0 is

Ay = 2: We find the null space of Ay — 21.

o o1
10 =2

j— _ x2
B —2.T2

N

We see that x5 = 0 and so an eigenvector associated with \y = 2 is

1
yz—o

17

Now, we see that since the eigenvectors of Ay are linearly independent, we have

11 _ 1
52:[_2 0] and 52125[

We check that this works:

1o -11[2 1]
S1A,S, = =
R 0 [
___O—J_o ]
212 1 0
1foo0
210 4

0 -1
2 1

11
-2 0
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|
Exercise 3. Find all the eigenvalues and eigenvectors of
111
A=11 11
111
and write two different diagonalizing matrices S.
Solution: We begin by finding the eigenvalues and eigenvectors. Write
1—A 1 1
det(A — \I) = 1 1-X 1
1 1 1-X
1—A 1 1 1 1 1-=A
= (1 - A)(=D'! 1(—1)"*? 1(—=1)H3
( )=1) 11—)\+() 11—)\+() 1 1

=(1=N[A=-2 =1 -[I=A=1]+[1- (1)
=1 -1 =N*=1]+ 1+
= (1 =Nl =2\ + 2 —1] +2A
)

= (1 —=X)[\% =2\ 42X
= A2 A3 - 20 20 42\
= -\ +3)\?
=M(B3-))=0

We conclude the eigenvalues of A are A =0, 3.
Next, we compute eigenvectors of A.
A1 = 0: We find the null space of A.
0= Az

T

X2

Il
— =
— =
e

xs

1+ Ty + T3
= X1+ To + T3
1+ X9+ X3

So we see that x1 = —x9 — x3 and we find two vectors in the eigenspace Fjy:

—1 —1
hn = 1 ) Yo = 0 )
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which we observe are linearly independent. We see then that an eigenvector associated
to A1 = 0 is of the form

—a—>b

Ao = 3: We find the null space of A — 31.

0=(A-30z

2 1 1 7
= 1 -2 1 Ty
1 1 -2 T3

—2x1 + 29+ 73
= 1 — 2x9 + T3
X1+ To — 2.1'3

We see from the first row that x3 = 2x; — x9, substituting into the second row:
0:$1—21}2+2$1—£If2
= 3?[71 — 3ZE2
= 31y =311

= T2 =X

Then, from the first row, we see that x3 = x1. We conclude that the eigenspace Ej is
comprised of vectors of the form

We want to find two invertible matrices S7, S5 such that

STTAS, = = S;1AS,.

o O O
o O O
w o O

As long as the first two columns of S; are linearly independent vectors from FE, and
the third column is a nonzero element from Fs, then S; will be a valid eigenvector

matrix.

For our purposes, we’ll take

-1 -1 1 -2 -1 1
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We'll compute inverses now.

[ 1 -1 1]1 0 0

(1/3)ﬁ>—>R3

-1 -1 -1 1 0 0
B R 0 -1 0[1/3 1/3 —2/3 | ~ihO
0 0 1/1/3 1/3 1/3

1 -1 0| 2/3 -1/3 -1/3
By 0 1 0|-1/3 —1/3 2/3 | Mty

0o o0 1| 1/3 1/3 1/3
1 00[-1/3 2/3 —1/3
~mafh 01 0[-1/3 —1/3 2/3
00 1| 1/3 1/3 1/3
Hence,
-1/3  2/3 —1/3 L2t
Sit=1-1/3 -1/3 2/3|==| -1 -1

1/3  1/3  1/3 11

We check this is a valid eigenvector matrix:

L]t 2 —1 1 ~-1 -1
S{R&%;zg -1 -1 2 11 1
|1 1 1| |[111 0
X 1 2 —1][o0 o0 3]
=3 | -1 -1 00 3
|1 1 100 3
[0 00
1 000
-3
| 009
000
=1000]|=A
00 3

— N

O = =
S = O
_ o O

—1 1 0

2 1 1
111/3 1/3

0]2/3 —-1/3
0/1/3 1/3

0 1/1/3 1/3

[ 1 0 0

1/3 —2/3

01 0|-1/3 —1/3

0 01

1/3  1/3

0
0
1/3

~1/3
—2/3
1/3

1/3
2/3
1/3



MATH 511 SUMMER 2019

as desired.

Now, we compute the inverse of S;. We write

21

—2 -1 1|10 0
1 01010
1 11001
(1/2)Ri+Ra—Ro [ 2 -1 1] 10 0]
/Bt e 0 —1/2 3/2/1/2 1 0
0 1/2 3212 0 1
[ 2 -1 1] 10 0]
Rt Ra o fis 0 —1/2 3/2|1/2 1 0
0 0 3] 111
2 -1 1] 1 0 o0
(/) s s 0 —1/2 3/2/1/2 1 0
0 0 1[1/3 1/3 1/3
2 11| 1 0 0
I 0 —1/2 0| 0 1/2 —1/2
0 0 1]1/3 1/3 1/3
[ 2 -1 0]2/3 —-1/3 —1/3 ]
“fatie 0 —1/2 0| 0 1/2 —1/2
0 01|13 1/3 1/3]
= 0 0]2/3 —4/3 2/3]
ARty 0 —1/2 0| 0 1/2 —1/2
0 01|13 1/3 1/3]
(/)RR 10 0|-1/3 2/3 —1/3
el 010 0 -1 1
00 1| 1/3 1/3 1/3
SO
-3 2/3 -3 [-1 2 -1
Syt = 0 -1 Ll=3] 0 -3 3
1/3 1/3  1/3 111
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We check:
1'—1 9 —1 ][ 17T -2 -1 1
551A82:§ 0 -3 3 111 1 01
1 1 1 1 1 11

1
=2 0 -3 00 3
1 1 1] |00 3]
(0 0 0
_ 1o 0 0
3
009
00 0
=loo0o0|=A
00 3

Exercise 5. Which of these matrices cannot be diagonalized?

2—2] A2:[2 0] A3:[2 0].
9 _9 9 _9 2 92

Solution: One criteria for diagonalization is that the algebraic multiplicity of
each eigenvalue matches its geometric multiplicity.

é:

A1:

2—A -2

=2=-M(=2-2-02)(-2)
= —(2-A)(2+A) +4
=—(=A+4)+4

=N =0

Hence, we see the eigenvalue A = 0 has an algebraic multiplicity 2. Now, we look at
the eigenvectors associated to 0.

0= Ax

-2 2]
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. Since

1
We see that 7 = 25 which implies the eigenspace E; is generated by [ )

dim E; = 1, we see that the geometric multiplicity of A = 0 is 1. Therefore, A; is not
diagonalizable.

&:

det(Ay — ) =

2—-A 0
2 =2-X

—(2-A)(-2-X) =0

We see that A = +2. Because these are distinct eigenvalues, we conclude A, can be
diagonalized by Remark 1 on p. 245.

&:

det(A3 — /\]) =

2—-A 0
22—\

—(2-0)(2-X1)=0

which implies A = 2 is an eigenvalue with algebraic multiplicity 2. Checking the
eigenvectors associated to 2,

0=(A-2x

0
Since 1, we conclude Fj is generated by [ ) ] . Since dim F5 = 1, we see that A = 2

is of geometric multiplicity 1. We conclude that Aj is not diagonalizable.

Exercise 10. Suppose A has eigenvalues 1,2,4. What is the trace of A2? What is
the determinant of (A=1)7?

Solution: By 5E on p. 248, eigenvalues of A? are 12 =1, 22 = 4, 4> = 16. Then,
by 5B on p. 239, TrA =1+ 4+ 16 = 21.

We note that BT has the same eigenvalues as B because
det(B — AI) = det(B — AI) by property (10) on p. 205
= det(BT — (AI)T)
= det(BT — \I)
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1 T By 5B on p. 239, we conclude

a7 a1 (1) (1) <

Note 1. We observe that if det A = A\ Ay --- \,, then the fact that the eigenvalues of
A~"are A\;! coupled with 5B on p. 239 implies that

1 1
_1 p— pu—
detA N )\1>\2)\n detA'

1
By p. 248, the eigenvalues of A=! are — =1
that

Exercise 23. Find the eigenvalues of A and B and A + B:

10]7 5
11

Eigenvalues of A+ B (are equal to)(are not equal to) eigenvalues of A plus eigenvalues
of B.

2 1
1 2

11
01

A= A+ B = :

Y

Solution:
1—A 0
det(A — M) =
et ) 11—\
=(1-)*=0
The eigenvalue of A is A = 1.
1—-A 1
det(B — \I) =
et ) Ol—A]
=(1-X)?=0
The eigenvalue of B is A = 1.
2—A 1
det(A+ B —\I) =
etiA+ ) 12—A]
=(2-A?-1
=4—4A+ X -1
=\ —4\+3

—(A-1)(A-3)=0

The eigenvalues of A+ B are A = 1,3. Since these are not the sum of the eigenvalues
of A and B, we conclude the eigenvalues of A + B are not equal to eigenvalues of
A plus eigenvalues of B.
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