
MATH 511 HOMEWORK 5
DUE THURSDAY, JULY 18, 2019

3. Orthogonality

3.5. The Fast Fourier Transform.

Exercise 5. Find all solutions to the equation eix = −1, and all solutions to eiθ = i.

Solution: We begin with the observation that eia = −1 and eib = i for a, b ∈
[0, 2π) have unique solutions. By periodicity,

x = π + 2πn, n ∈ Z

θ =
π

2
+ 2πn, n ∈ Z

�

Exercise 8. Solve the same system with y = (2, 0,−2, 0) by knowing F−14 and com-

puting c = F−14 y. Verify that c0 + c1e
ix + c2e

2ix + c3e
3ix takes the values 2, 0,−2, 0 at

the points x = 0, π/2, π, 3π/2.

Solution: From # 7, we want to solve 4× 4 system (6) for prescribed y. For this
question,

F4c = y ←→

c0 + c1 + c2 + c3 = 2

c0 + ic1 + i2c2 + i3c3 = 0

c0 + i2c1 + i4c2 + i6c3 = −2

c0 + i3c1 + i6c2 + i9c3 = 0

where this F takes ω = i.

We observe

i2 = −1

i3 = −i

i4 = 1

i6 = i2 = −1

i9 = i6i3 = (−1)(−i) = i

Then,

F−14 =
1

4


1 1 1 1

1 i i2 i3

1 i2 i4 i6

1 i3 i6 i9

 =
1

4


1 1 1 1

1 −i −1 i

1 −1 1 −1

1 i −1 −i

 .
1
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Write

F−14 y =
1

4


1 1 1 1

1 −i −1 i

1 −1 1 −1

1 i −1 i




2

0

−2

0



=
1

4


2− 2

2 + 2

2− 2

2 + 2



=
1

4


0

4

0

4

 =


0

1

0

1


We check that for each yj,

yj = c0 + c1e
ixj + c2e

2ixj + c3e
ixj .

Since (c0, c1, c2, c3) = (0, 1, 0, 1), this simplifies to yj = eixj + e3ixj .

xj yj

0 ei·0 + e3i·0 = 1 + 1 = 2

π/2 ei(
π
2 ) + ei(

3π
2 ) = i− i = 0

π eiπ + e3iπ = −1− 1 = −2

3π/2 ei(
3π
2 ) + e3i(

3π
2 ) = −i+ i = 0

�

Exercise 11. Compute y = F4c by the three steps of the Fast Fourier Transform if
c = (1, 0, 1, 0).

Solution: We go through the steps.

Step 1: Divide c into even-numbered, c′, and odd-numbered, c′′, components

Let c′ = (1, 1) and c′′ = (0, 0).

Step 2: Transform c′ and c′′ by Fm into y′ and y′′

Since ω4 = i, we see by ω2 = (ω4)
2 = (i)2 = −1 by equation (12) on p.

193. Hence, we see that

F2 =

[
1 1

1 −1

]
and F−12 =

1

2

[
1 1

1 −1

]
.
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Then

y′ = F2c
′ =

[
1 1

1 −1

][
1

1

]
=

[
2

0

]
=

[
y′0
y′1

]

y′′ = F2c
′′ =

[
1 1

1 −1

][
0

0

]
=

[
0

0

]
=

[
y′′0
y′′1

]

Step 3: Reconstruct y

Via equation (13) on p. 194,

y =


y′0 + i0 y′′0
y′1 + i1 y′′1
y′0 − i0 y′′0
y′1 − i1 y′′1

 =


2 + i0 (0)

0 + i1 (0)

2− i0 (0)

0− i1 (0)

 =


2

0

2

0

 .
�

4. Determinants

4.2. Properties of the Determinant.

Exercise 4. By applying row operations to produce an upper triangular U , compute

det


1 2 −2 0

2 3 −4 1

−1 −2 0 2

0 2 5 3

 and det


2 −1 0 0

−1 2 −1 0

0 −1 2 −1

0 0 −1 −2

 .
Exchange rows 3 and 4 of the second matrix and recompute the pivots and determi-
nant.

Solution: Let

A =


1 2 −2 0

2 3 −4 1

−1 −2 0 2

0 2 5 3

 and B =


2 −1 0 0

−1 2 −1 0

0 −1 2 −1

0 0 −1 −2

 .
We use property (5) and property (7) of determinants, that is, we use row opera-

tions (adding a multiple of one row to another) to reduce the matrices to triangular
matrices and then compute the determinant from the triangular matrix.

We write

A =


1 2 −2 0

2 3 −5 1

−1 −2 0 2

0 2 5 3


−2R1+R2→R2
R1+R3→R3−→


1 2 −2 0

0 −1 0 1

0 0 −2 2

0 2 5 3


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2R2+R4→R4−→


1 2 −2 0

0 −1 0 1

0 0 −2 2

0 0 5 5

 (5/2)R3+R4→R4−→


1 2 −2 0

0 −1 0 1

0 0 −2 2

0 0 0 10

 = UA

detA = detUA = 1(−1)(−2)(10) = 20

B =


2 −1 0 0

−1 2 −1 0

0 −1 2 −1

0 0 −1 −2

 (1/2)R1+R2→R2−→


2 −1 0 0

0 3/2 −1 0

0 −1 2 −1

0 0 −1 −2



(2/3)R2+R3→R3−→


2 −1 0 0

0 3/2 −1 0

0 0 4/3 −1

0 0 −1 −2

 (3/4)R3+R4→R4−→


2 −1 0 0

0 3/2 −1 0

0 0 4/3 −1

0 0 0 −11/4

 = UB

detB = detUB = 2

(
3

2

)(
4

3

)(
−11

4

)
= −11

C = PB where

P =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 .
Since detP = −1,

detC = − detB = 11

by property (9).

We can also approach this as we did above:

C =


2 −1 0 0

−1 2 −1 0

0 0 −1 −2

0 −1 2 −1

 (1/2)R1+R2→R2−→


2 −1 0 0

0 3/2 −1 0

0 0 −1 −2

0 −1 2 −1



(2/3)R2+R4→R4−→


2 −1 0 0

0 3/2 −1 0

0 0 −1 −2

0 0 4/3 −1

 (4/3)R3+R4→R4−→


2 −1 0 0

0 3/2 −1 0

0 0 −1 −2

0 0 0 −11/3

 = UC
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Then

detC = detUC = 2

(
3

2

)
(−1)

(
−11

3

)
= 11.

�

Exercise 7. Find the determinants of:

(a) a rank one matrix

A =

 1

4

2

[ 2 −1 2
]
.

Solution: A is a 3× 3 matrix that is rank 1, which implies it is singular.
By property (8), detA = 0.

�

(b) the upper triangular matrix

U =


4 4 8 8

0 1 2 2

0 0 2 6

0 0 0 2

 .
Solution: detU = 4 · 1 · 2 · 2 = 16 by property (7).

�

(c) the lower triangular matrix UT .

Solution: By property (10), detUT = detU = 16.

�

(d) the inverse matrix U−1.

Solution: By property (9), detU−1 =
1

detU
=

1

16
.

�

(e) the “reverse-triangular” matrix that results from row exchanges,

M =


0 0 0 2

0 0 2 6

0 1 2 2

4 4 8 8

 .
Solution: Let

M
R1↔R4−→ M ′ R2↔R3−→ M ′′ = U.
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Then

detM = − detM ′ = −(− detM ′′) = detU = 16

by property (2).

�

Exercise 14. True or false, with reason if true and counterexample if false:

(a) If A and B are identical except that b11 = 2a11, then detB = 2 detA.

Solution: False. Consider

A =

[
1 1

1 1

]
and B =

[
2 1

1 1

]

where detA = 0 and detB = 1.

�

(b) The determinant is the product of the pivots.

Solution: False. By the definition of pivot given on p. 479, pivots cannot
be zero. We can only apply equation (1) on p. 205 if the matrix is non-singular.
The matrix

A =

[
2 0

0 0

]
has only one pivot, 2. But detA = 0 by property (8) because it is singular.
Again, 0 does not count as a pivot.

�

(c) If A is invertible and B is singular, then A+B is invertible.

Solution: False. Take A = I and B =

[
0 0

0 −1

]
, then

A+B =

[
1 0

0 0

]
.

�

(d) If A is invertible and B is singular, then AB is singular.

Solution: True. By property (8) and (9),

det(AB) = (detA) (detB)︸ ︷︷ ︸
0

= 0.

�

(e) The determinants of AB −BA is zero.
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Solution: False. Let

A =

[
1 0

0 −1

]
and B =

[
0 1

−1 0

]
,

then

AB =

[
0 1

1 0

]
and BA =

[
0 −1

−1 0

]
.

From this, we get

AB −BA =

[
0 1

1 0

]
−

[
0 −1

−1 0

]
=

[
0 2

2 0

]
.

Then det(AB −BA) = −4 6= 0.

�

4.3. Formulas for the Determinant.

Exercise 7.

(a) Evaluate this determinant by cofactors of row 1:∣∣∣∣∣∣∣∣∣
4 4 4 4

1 2 0 1

2 0 1 2

1 1 0 2

∣∣∣∣∣∣∣∣∣ .
Solution: Expanding along row 1, we get

detM =

∣∣∣∣∣∣∣∣∣
4 4 4 4

1 2 0 1

2 0 1 2

1 1 0 2

∣∣∣∣∣∣∣∣∣
= 4(−1)1+1

∣∣∣∣∣∣∣
2 0 1

0 1 2

1 0 2

∣∣∣∣∣∣∣︸ ︷︷ ︸
A

+4(−1)1+2

∣∣∣∣∣∣∣
1 0 1

2 1 2

1 0 2

∣∣∣∣∣∣∣︸ ︷︷ ︸
B

+4(−1)1+3

∣∣∣∣∣∣∣
1 2 1

2 0 2

1 1 2

∣∣∣∣∣∣∣︸ ︷︷ ︸
C

+4(−1)1+4

 1 2 0

2 0 1

1 1 0

∣∣∣∣∣∣∣︸ ︷︷ ︸
D

We compute A,B,C,D.

A = 2(−1)1+1

∣∣∣∣∣ 1 2

0 2

∣∣∣∣∣+ 0(−1)1+2

∣∣∣∣∣ 0 2

1 2

∣∣∣∣∣+ 1(−1)1+3

∣∣∣∣∣ 0 1

1 0

∣∣∣∣∣
= 2(2− 0) + 0 + (0− 1)

= 4− 1 = 3
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B = 1(−1)1+1

∣∣∣∣∣ 1 2

0 2

∣∣∣∣∣+ 0(−1)1+2

∣∣∣∣∣ 2 2

1 2

∣∣∣∣∣+ 1(−1)1+3

∣∣∣∣∣ 2 1

1 0

∣∣∣∣∣
= (2− 0) + 0 + (0− 1)

= 2− 1 = 1

C = 1(−1)1+1

∣∣∣∣∣ 0 2

1 2

∣∣∣∣∣+ 2(−1)1+2

∣∣∣∣∣ 2 2

1 2

∣∣∣∣∣+ 1(−1)1+3

∣∣∣∣∣ 2 0

1 1

∣∣∣∣∣
= (0− 2)− 2(4− 2) + (2− 0)

= −2− 2(2) + 2

= −2− 4 + 2 = −4

D = 1(−1)1+1

∣∣∣∣∣ 0 1

1 0

∣∣∣∣∣+ 2(−1)1+2

∣∣∣∣∣ 2 1

1 0

∣∣∣∣∣+ 0(−1)1+3

∣∣∣∣∣ 2 0

1 1

∣∣∣∣∣
= (0− 1)− 2(0− 1) + 0

= −1 + 2 = 1

From this, we conclude

detM = 4A− 4B + 4C − 4D = 12− 4− 16− 4 = −12.

�

(b) Check by subtracting column 1 from the other columns and recomputing.

Solution:

M =


4 4 4 4

1 2 0 1

2 0 1 2

1 1 0 2


−C1+C2→C2
−C1+C3→C3
−C1+C4→C4−→


4 0 0 0

1 1 −1 0

2 −2 −1 0

1 0 −1 1

 = M ′

Then detM ′ is

= 4(−1)1+1

∣∣∣∣∣∣∣
1 −1 0

−2 −1 0

0 −1 1

∣∣∣∣∣∣∣+ 0(−1)1+2

∣∣∣∣∣∣∣
1 −1 0

2 −1 0

1 −1 1

∣∣∣∣∣∣∣
+ 0(−1)1+3

∣∣∣∣∣∣∣
1 1 0

2 −2 0

1 0 1

∣∣∣∣∣∣∣+ 0(−1)1+4

∣∣∣∣∣∣∣
1 1 −1

2 −2 −1

1 0 −1

∣∣∣∣∣∣∣
= 4(−1)1+1

∣∣∣∣∣∣∣
1 −1 0

−2 −1 0

0 −1 1

∣∣∣∣∣∣∣
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= 4

[
1(−1)1+1

∣∣∣∣∣ −1 0

−1 1

∣∣∣∣∣+ (−1)(−1)1+2

∣∣∣∣∣ −2 0

0 1

∣∣∣∣∣+ 0(−1)1+3

∣∣∣∣∣ −2 −1

0 −1

∣∣∣∣∣
]

= 4[(−1− 0) + (−2− 0) + 0]

= 4[−1− 2] = −12

�

For Problem 13, use the big formula with n! terms: |A| =
∑
±a1αa2β · · · anν .

Exercise 13. Compute the determinants of A,B,C from six terms. Independent
rows?

A =

 1 2 3

3 1 2

3 2 1

 B =

 1 2 3

4 4 4

5 6 7

 C =

 1 1 1

1 1 0

1 0 0

 .
Solution: I think the question wants us to use equations (4) and (5) on p. 212,

but it is not clear. Before we do this though, I’m going to list the six 3×3 permutation
matrices.

Matrix Name Matrix Determinant

P1 = I

 1 0 0

0 1 0

0 0 1

 1

P12

 0 1 0

1 0 0

0 0 1

 −1

P13

 0 0 1

0 1 0

1 0 0

 −1

P23

 1 0 0

0 0 1

0 1 0

 −1



10 MATH 511 SUMMER 2019

Matrix Name Matrix Determinant

P123

 0 1 0

0 0 1

1 0 0

 1

P132

 0 0 1

1 0 0

0 1 0

 1

Now, we compute the determinants of A, B, and C in the spirit of equations (4)
and (5).

detA =

∣∣∣∣∣∣∣
1 0 0

0 1 0

0 0 1

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
0 2 0

0 0 2

3 0 0

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
0 0 3

3 0 0

0 2 0

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
1 0 0

0 0 2

0 2 0

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
0 2 0

3 0 0

0 0 1

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
0 0 3

0 1 0

3 0 0

∣∣∣∣∣∣∣
= (1)(1)(1)|P1|+ (2)(2)(3)|P123|+ (3)(3)(2)|P132|

+ (1)(2)(2)|P23|+ (2)(3)(1)|P12|+ (3)(1)(3)|P13|

= 1 + 12 + 18− 4− 6− 9 = 12

Since detA = 12 6= 0, the rows of A are linearly independent.

detB =

∣∣∣∣∣∣∣
1 0 0

0 4 0

0 0 7

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
0 2 0

0 0 4

5 0 0

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
0 0 3

4 0 0

0 6 0

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
1 0 0

0 0 4

0 6 0

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
0 2 0

4 0 0

0 0 7

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
0 0 3

0 4 0

5 0 0

∣∣∣∣∣∣∣
= (1)(4)(7)|P1|+ (2)(4)(5)|P123|+ (3)(4)(6)|P132|

+ (1)(4)(6)|P23|+ (2)(4)(7)|P12|+ (3)(1)(3)|P13|

= 28 + 40 + 72− 24− 56− 60 = 0

Since detB = 0, the rows of B are linearly dependent. In fact,[
1 2 3

]
+
[

4 4 4
]

=
[

5 6 7
]
.

det(C) =

∣∣∣∣∣∣∣
1 0 0

0 1 0

0 0 0

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
0 1 0

0 0 0

1 0 0

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
0 0 1

1 0 0

0 0 0

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
1 0 0

0 0 0

0 0 0

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
0 1 0

1 0 0

0 0 0

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
0 0 1

0 1 0

1 0 0

∣∣∣∣∣∣∣
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= (1)(1)(0)|P1|+ (1)(0)(1)|P123|+ (1)(1)(0)|P132|

+ (1)(0)(0)|P23|+ (1)(1)(0)|P12|+ (1)(1)(1)|P13|

= 0 + 0 + 0 + 0 + 0 + 1(−1) = −1

Since detC = −1 6= 0, the rows of C are linearly independent.

�

5. Eigenvalues and Eigenvectors

5.1. Introduction.

Exercise 4. Solve du/dt = Pu, when P is a projection:

du

dt
=

[
1/2 1/2

1/2 1/2

]
u with u(0) =

[
5

3

]
.

Part of u(0) increases exponentially while the null space part stays fixed.

Solution: By example (2) on p. 238, we know that the eigenvalues of P are 0
and 1 since it is a projection and

λ1 = 1x1 =

[
1

1

]

λ2 = 0x2 =

[
1

−1

]

Then, by equation (12) on p. 237, we see that

u(t) = c1e
1·t

[
1

1

]
+ c2e

0·t

[
1

−1

]
= c1e

t

[
1

1

]
+ c2

[
1

−1

]
.

Next, we solve the initial value problem:[
c1 + c2

c1 − c2

]
= u(0) =

[
5

3

]
.

Back-solving, we see that c1 = 3 + c2 and so

5 = c1 + c2 = 3 + c2 + c2 = 3 + 2c2 ⇒ c2 = 1.

Then, c1 = 4. We conclude

u(t) = 4et

[
1

1

]
+

[
1

−1

]
.

�
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Exercise 5. Find the eigenvalues and eigenvectors of

A =

 3 4 2

0 1 2

0 0 0

 and B =

 0 0 2

0 2 0

2 0 0

 .
Check that λ1 + λ2 + λ3 equals the trace and λ1λ2λ3 equals the determinant.

Solution: We begin by computing eigenvalues and eigenvectors of A. By property
(7) on p. 204,

det(A− λI) =

∣∣∣∣∣∣∣
3− λ 4 2

0 1− λ 2

0 0 −λ

∣∣∣∣∣∣∣
= (3− λ)(1− λ)(−λ) = 0

implies the eigenvalues of A are λ = 0, 1, 3.

λ1 = 0: We find the null space of A. Write

0 = Ax =

 3 4 2

0 1 2

0 0 0


 x1
x2
x3



=

 3x1 + 4x2 + 2x3
x2 + 2x3

0


We see that x3 is the free variable. Moreover, x2 = −2x3 and

3x1 + 4x2 + 2x3 = 0

⇒ 3x1 + 4(−2x3) + 2x3 = 0

⇒ 3x1 − 8x3 + 2x3 = 0

⇒ 3x1 − 6x3 = 0

⇒ 3x1 = 6x3

⇒ x1 = 2x3

We conclude an associated eigenvector to λ1 = 0 is

y1 =

 2

−2

1

 .
λ2 = 1: We find the find the null space of A− I. Write

0 = (A− I)x
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=

 2 4 2

0 0 2

0 0 −1


 x1

x2

x3



=

 2x1 + 4x2 + 2x3
2x3
−x3


We see that x3 = 0 and, taking x2 as the free variable, we see that x1 = −2x2. So an
eigenvector associated to λ2 = 1,

y2 =

 −2

1

0

 .
λ3 = 3: We find the null space of A− 3I.

0 = (A− 3I)x

=

 0 4 2

0 −2 2

0 0 −3


 x1
x2
x3



=

 4x2 + 2x3
−2x2 + 2x3

−3x3


So x3 = 0 which implies x2 = 0. An eigenvector associated with λ3 = 3 is

y3 =

 1

0

0

 .
Now, we check that TrA = λ1 + λ2 + λ3 = 0 + 1 + 3 = 4.

Tr

 3 4 2

0 1 2

0 0 0

 = 3 + 1 + 0 = 4.

Similarly, we check detA = λ1λ2λ3 = 0 · 1 · 3 = 0. By property (6) on p. 204,
detA = 0 since it has a row of zeros.

Our next step is to find the eigenvalues and eigenvectors of B.

det(B − λI) =

∣∣∣∣∣∣∣
−λ 0 2

0 2− λ 0

2 0 −λ

∣∣∣∣∣∣∣
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= −λ(−1)1+1

∣∣∣∣∣ 2− λ 0

0 −λ

∣∣∣∣∣− 0(−1)1+2

∣∣∣∣∣ 0 0

2 −λ

∣∣∣∣∣+ 2(−1)1+3

∣∣∣∣∣ 0 2− λ
2 0

∣∣∣∣∣
= −λ[(2− λ)(−λ)− 0]− 0 + 2[0− 2(2− λ)]

= λ2(2− λ)− 4(2− λ)

= (2− λ)(λ2 − 4)

= (2− λ)(λ− 2)(λ+ 2) = 0

B has two eigenvalues: λ = ±2. Observe that the algebraic multiplicity of λ = 2 is 2.

λ1 = −2: We find the the null space of B + 2I.

0 = (B + 2I)x

=

 2 0 2

0 4 0

2 0 2


 x1
x2
x3



=

 2x1 + 2x3
4x2

2x1 + 2x3


We see then that x2 = 0 and x1 = −x3. An eigenvector associated to λ1 = −2 is

y1 =

 1

0

−1

 .
λ2 = 2: We find the null space of B − 2I.

0 = (B − 2I)x

=

 −2 0 2

0 0 0

2 0 −2


 x1
x2

x3



=

 −2x1 + 2x3
0

2x1 − 2x3


Hence, we see that x1 = x3. Here we have two linearly independent eigenvectors
associated with λ2 = 2:

y2 =

 0

1

0

 , y3 =

 1

0

1

 .
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Now, we show that TrB = λ1 + λ2 + λ2 = −2 + 2 + 2 = 2 and detB = λ1λ2λ2 =
−2 · 2 · 2 = −8. We note that λ2 appears twice in both TrB and detB because it has
multiplicity 2. Write

Tr

 0 0 2

0 2 0

2 0 0

 = 0 + 2 + 0 = 2

and ∣∣∣∣∣∣∣
0 0 2

0 2 0

2 0 0

∣∣∣∣∣∣∣ = 0(−1)1+1

∣∣∣∣∣ 2 0

0 0

∣∣∣∣∣+ 0(−1)1+2

∣∣∣∣∣ 0 0

2 0

∣∣∣∣∣+ 2(−1)1+3

∣∣∣∣∣ 0 2

2 0

∣∣∣∣∣
= 2

∣∣∣∣∣ 0 2

2 0

∣∣∣∣∣
= 2(0− 4) = −8

�

5.2. Diagonalization of a Matrix.

Exercise 1. Factor the following matrices into SΛS−1:

A1 =

[
1 1

1 1

]
and A2 =

[
2 1

0 0

]
.

Solution: We start with A1. Write

det(A− λI) =

∣∣∣∣∣ 1− λ 1

1 1− λ

∣∣∣∣∣
= (1− λ)(1− λ)− 1

= λ2 − 2λ+ 1− 1

= λ2 − 2λ

= λ(λ− 2) = 0

We see the eigenvalues of A1 of λ = 0, 2.

λ1 = 0: We find the null space of A1.

0 = A1x

=

[
1 1

1 1

][
x1

x2

]

=

[
x1 + x2

x1 + x2

]
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Hence, we see x1 = −x2 which means an eigenvector associated to λ1 = 0 is

y1 =

[
−1

1

]
.

λ2 = 2: We find the null space of A1 − 2I.

0 = (A1 − 2I)x

=

[
−1 1

1 −1

][
x1

x2

]

=

[
−x1 + x2

x1 − x2

]

From this we get x1 = x2 and conclude an eigenvector associated to λ2 = 2 is

y2 =

[
1

1

]
.

Now that we have eigenvalues and associated eigenvectors of A, we may take

S1 =

[
−1 1

1 1

]
and S−11 = −1

2

[
1 −1

−1 −1

]
.

We check this works:

S−11 A1S1 = −1

2

[
1 −1

−1 −1

][
1 1

1 1

][
−1 1

1 1

]

= −1

2

[
1 −1

−1 −1

][
0 2

0 2

]

= −1

2

[
0 0

0 −4

]

=

[
0 0

0 2

]
= Λ1

Next, we consider A2.

det(A2 − λI) =

∣∣∣∣∣ 2− λ 1

0 −λ

∣∣∣∣∣
= (2− λ)(−λ)− 0 = 0

The eigenvalues of A2 are λ = 0, 2. We compute associated eigenvectors.
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λ1 = 0: We find the null space of A2.

0 = A2x

=

[
2 1

0 0

][
x1
x2

]

=

[
2x1 + x2

0

]
We see that x2 = −2x1. An eigenvector associated to λ1 = 0 is

y1 =

[
1

−2

]
.

λ2 = 2: We find the null space of A2 − 2I.

0 = (A2 − 2I)x

=

[
0 1

0 −2

][
x1
x2

]

=

[
x2

−2x2

]
We see that x2 = 0 and so an eigenvector associated with λ2 = 2 is

y2 =

[
1

0

]
.

Now, we see that since the eigenvectors of A2 are linearly independent, we have

S2 =

[
1 1

−2 0

]
and S−12 =

1

2

[
0 −1

2 1

]
.

We check that this works:

S−12 A2S2 =
1

2

[
0 −1

2 1

][
2 1

0 0

][
1 1

−2 0

]

=
1

2

[
0 −1

2 1

][
0 2

0 0

]

=
1

2

[
0 0

0 4

]

=

[
0 0

0 2

]
= Λ2
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�

Exercise 3. Find all the eigenvalues and eigenvectors of

A =

 1 1 1

1 1 1

1 1 1


and write two different diagonalizing matrices S.

Solution: We begin by finding the eigenvalues and eigenvectors. Write

det(A− λI) =

∣∣∣∣∣∣∣
1− λ 1 1

1 1− λ 1

1 1 1− λ

∣∣∣∣∣∣∣
= (1− λ)(−1)1+1

∣∣∣∣∣ 1− λ 1

1 1− λ

∣∣∣∣∣+ 1(−1)1+2

∣∣∣∣∣ 1 1

1 1− λ

∣∣∣∣∣+ 1(−1)1+3

∣∣∣∣∣ 1 1− λ
1 1

∣∣∣∣∣
= (1− λ)[(1− λ)2 − 1]− [1− λ− 1] + [1− (1− λ)]

= (1− λ)[(1− λ)2 − 1] + λ+ λ

= (1− λ)[1− 2λ+ λ2 − 1] + 2λ

= (1− λ)[λ2 − 2λ] + 2λ

= λ2 − λ3 − 2λ+ 2λ+ 2λ

= −λ3 + 3λ2

= λ2(3− λ) = 0

We conclude the eigenvalues of A are λ = 0, 3.

Next, we compute eigenvectors of A.

λ1 = 0: We find the null space of A.

0 = Ax

=

 1 1 1

1 1 1

1 1 1


 x1
x2
x3



=

 x1 + x2 + x3
x1 + x2 + x3
x1 + x2 + x3

 .
So we see that x1 = −x2 − x3 and we find two vectors in the eigenspace E0:

y1 =

 −1

1

0

 , y2 =

 −1

0

1

 ,
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which we observe are linearly independent. We see then that an eigenvector associated
to λ1 = 0 is of the form

x =

 −a− ba
b

 .
λ2 = 3: We find the null space of A− 3I.

0 = (A− 3I)x

=

 −2 1 1

1 −2 1

1 1 −2


 x1

x2

x3



=

 −2x1 + x2 + x3
x1 − 2x2 + x3
x1 + x2 − 2x3

 .
We see from the first row that x3 = 2x1 − x2, substituting into the second row:

0 = x1 − 2x2 + 2x1 − x2
= 3x1 − 3x2

⇒ 3x2 = 3x1

⇒ x2 = x1

Then, from the first row, we see that x3 = x1. We conclude that the eigenspace E3 is
comprised of vectors of the form  a

a

a

 .
We want to find two invertible matrices S1, S2 such that

S−11 AS1 =

 0 0 0

0 0 0

0 0 3

 = S−12 AS2.

As long as the first two columns of Si are linearly independent vectors from E0 and
the third column is a nonzero element from E3, then Si will be a valid eigenvector
matrix.

For our purposes, we’ll take

S1 =

 −1 −1 1

1 0 1

0 1 1

 and S2 =

 −2 −1 1

1 0 1

1 1 1

 .
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We’ll compute inverses now. −1 −1 1 1 0 0

1 0 1 0 1 0

0 1 1 0 0 1

 R1+R2→R2−→

 −1 −1 1 1 0 0

0 −1 2 1 1 0

0 1 1 0 0 1



R2+R3→R3−→

 −1 −1 1 1 0 0

0 −1 2 1 1 0

0 0 3 1 1 1

 (1/3)R3→R3−→

 −1 −1 −1 1 0 0

0 −1 2 1 1 0

0 0 1 1/3 1/3 1/3



−2R3+R2→R2−→

 −1 −1 −1 1 0 0

0 −1 0 1/3 1/3 −2/3

0 0 1 1/3 1/3 1/3

 −R3+R1→R1−→

 −1 −1 0 2/3 −1/3 −1/3

0 −1 0 1/3 1/3 −2/3

0 0 1 1/3 1/3 1/3



−R2→R2−→

 −1 −1 0 2/3 −1/3 −1/3

0 1 0 −1/3 −1/3 2/3

0 0 1 1/3 1/3 1/3

 R2+R1→R1−→

 −1 0 0 1/3 −2/3 1/3

0 1 0 −1/3 −1/3 2/3

0 0 1 1/3 1/3 1/3



−R1→R1−→

 1 0 0 −1/3 2/3 −1/3

0 1 0 −1/3 −1/3 2/3

0 0 1 1/3 1/3 1/3


Hence,

S−11 =

 −1/3 2/3 −1/3

−1/3 −1/3 2/3

1/3 1/3 1/3

 =
1

3

 −1 2 −1

−1 −1 2

1 1 1

 .
We check this is a valid eigenvector matrix:

S−11 AS1 =
1

3

 −1 2 −1

−1 −1 2

1 1 1


 1 1 1

1 1 1

1 1 1


 −1 −1 1

1 0 1

0 1 1



=
1

3

 −1 2 −1

−1 −1 2

1 1 1


 0 0 3

0 0 3

0 0 3



=
1

3

 0 0 0

0 0 0

0 0 9



=

 0 0 0

0 0 0

0 0 3

 = Λ
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as desired.

Now, we compute the inverse of S2. We write −2 −1 1 1 0 0

1 0 1 0 1 0

1 1 1 0 0 1


(1/2)R1+R2→R2

(1/2)R1+R3→R3−→

 −2 −1 1 1 0 0

0 −1/2 3/2 1/2 1 0

0 1/2 3/2 1/2 0 1



R2+R3→R3−→

 −2 −1 1 1 0 0

0 −1/2 3/2 1/2 1 0

0 0 3 1 1 1



(1/3)R3→R3−→

 −2 −1 1 1 0 0

0 −1/2 3/2 1/2 1 0

0 0 1 1/3 1/3 1/3



−(3/2)R3+R2→R2−→

 −2 −1 1 1 0 0

0 −1/2 0 0 1/2 −1/2

0 0 1 1/3 1/3 1/3



−R3+R1→R1−→

 −2 −1 0 2/3 −1/3 −1/3

0 −1/2 0 0 1/2 −1/2

0 0 1 1/3 1/3 1/3



−2R2+R1→R1−→

 −2 0 0 2/3 −4/3 2/3

0 −1/2 0 0 1/2 −1/2

0 0 1 1/3 1/3 1/3


−(1/2)R1→R1
−2R2→R2−→

 1 0 0 −1/3 2/3 −1/3

0 1 0 0 −1 1

0 0 1 1/3 1/3 1/3


so

S−12 =

 −1/3 2/3 −1/3

0 −1 1

1/3 1/3 1/3

 =
1

3

 −1 2 −1

0 −3 3

1 1 1

 .
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We check:

S−12 AS2 =
1

3

 −1 2 −1

0 −3 3

1 1 1


 1 1 1

1 1 1

1 1 1


 −2 −1 1

1 0 1

1 1 1



=
1

3

 −1 2 −1

0 −3 3

1 1 1


 0 0 3

0 0 3

0 0 3



=
1

3

 0 0 0

0 0 0

0 0 9



=

 0 0 0

0 0 0

0 0 3

 = Λ

�

Exercise 5. Which of these matrices cannot be diagonalized?

A1 =

[
2 −2

2 −2

]
A2 =

[
2 0

2 −2

]
A3 =

[
2 0

2 2

]
.

Solution: One criteria for diagonalization is that the algebraic multiplicity of
each eigenvalue matches its geometric multiplicity.

A1:

det(A1 − λI) =

∣∣∣∣∣ 2− λ −2

2 −2− λ

∣∣∣∣∣
= (2− λ)(−2− λ)− (2)(−2)

= −(2− λ)(2 + λ) + 4

= −(−λ2 + 4) + 4

= λ2 = 0

Hence, we see the eigenvalue λ = 0 has an algebraic multiplicity 2. Now, we look at
the eigenvectors associated to 0.

0 = Ax

=

[
2 −2

2 −2

][
x1
x2

]

=

[
2x1 − 2x2
2x1 − 2x2

]
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We see that x1 = x2 which implies the eigenspace E1 is generated by

[
1

1

]
. Since

dimE1 = 1, we see that the geometric multiplicity of λ = 0 is 1. Therefore, A1 is not
diagonalizable.

A2:

det(A2 − λI) =

∣∣∣∣∣ 2− λ 0

2 −2− λ

]
= (2− λ)(−2− λ) = 0

We see that λ = ±2. Because these are distinct eigenvalues, we conclude A2 can be
diagonalized by Remark 1 on p. 245.

A3:

det(A3 − λI) =

∣∣∣∣∣ 2− λ 0

2 2− λ

]
= (2− λ)(2− λ) = 0

which implies λ = 2 is an eigenvalue with algebraic multiplicity 2. Checking the
eigenvectors associated to 2,

0 = (A− 2I)x

=

[
0 0

2 0

][
x1
x2

]

=

[
0

2x1

]

Since x1, we conclude E2 is generated by

[
0

1

]
. Since dimE3 = 1, we see that λ = 2

is of geometric multiplicity 1. We conclude that A3 is not diagonalizable.

�

Exercise 10. Suppose A has eigenvalues 1, 2, 4. What is the trace of A2? What is
the determinant of (A−1)T ?

Solution: By 5E on p. 248, eigenvalues of A2 are 12 = 1, 22 = 4, 42 = 16. Then,
by 5B on p. 239, TrA = 1 + 4 + 16 = 21.

We note that BT has the same eigenvalues as B because

det(B − λI) = det(B − λI) by property (10) on p. 205

= det(BT − (λI)T )

= det(BT − λI)
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By p. 248, the eigenvalues of A−1 are
1

1
= 1,

1

2
,

1

4
. By 5B on p. 239, we conclude

that

det(A−1)T = det(A−1) = 1 ·
(

1

2

)
·
(

1

4

)
=

1

8
.

Note 1. We observe that if detA = λ1λ2 · · ·λn, then the fact that the eigenvalues of
A−1 are λ−1i coupled with 5B on p. 239 implies that

detA−1 =
1

λ1λ2 · · ·λn
=

1

detA
.

�

Exercise 23. Find the eigenvalues of A and B and A+B:

A =

[
1 0

1 1

]
, B =

[
1 1

0 1

]
, A+B =

[
2 1

1 2

]
.

Eigenvalues of A+B (are equal to)(are not equal to) eigenvalues of A plus eigenvalues
of B.

Solution:

det(A− λI) =

∣∣∣∣∣ 1− λ 0

1 1− λ

∣∣∣∣∣
= (1− λ)2 = 0

The eigenvalue of A is λ = 1.

det(B − λI) =

∣∣∣∣∣ 1− λ 1

0 1− λ

]
= (1− λ)2 = 0

The eigenvalue of B is λ = 1.

det(A+B − λI) =

∣∣∣∣∣ 2− λ 1

1 2− λ

]
= (2− λ)2 − 1

= 4− 4λ+ λ2 − 1

= λ2 − 4λ+ 3

= (λ− 1)(λ− 3) = 0

The eigenvalues of A+B are λ = 1, 3. Since these are not the sum of the eigenvalues
of A and B, we conclude the eigenvalues of A + B are not equal to eigenvalues of
A plus eigenvalues of B.
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