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DUE THURSDAY, JULY 25, 2019

5. Eigenvalues and Eigenvectors

5.4. Differential Equations and eAt.

Exercise 1. Following the first example in this section, find the eigenvalues and
eigenvectors, and the exponential eAt, for

A =

[
−1 1

1 −1

]
.

Solution: We begin by finding the eigenvalues and eigenvectors of A:

det(A− λI) =

∣∣∣∣∣ −1− λ 1

1 −1− λ

∣∣∣∣∣
= (−1− λ)(−1− λ)− 1

= 1 + 2λ+ λ2 − 1

= λ2 + 2λ

= λ(λ+ 2) = 0

We see λ = 0,−2 and we may take

Λ =

[
0 0

0 −2

]
.

By equation (4) on p. 266, we see that

(1) eΛt =

[
e0t 0

0 e−2t

]
=

[
1 0

0 e−2t

]

λ1 = 0:

Ax =

[
−1 1

1 −1

][
x1

x2

]
=

[
−x1 + x2

x1 − x2

]
=

[
0

0

]
This implies x1 = x2 and so an eigenvector associated to 0 is

y1 =

[
1

1

]
.

1
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λ2 = −2:

(A+ 2I)x =

[
1 1

1 1

][
x1

x2

]
=

[
x1 + x2

x1 + x2

]
=

[
0

0

]
So we see that x1 = −x2 and an eigenvector associated to −2 is

y2 =

[
1

−1

]
.

From our eigenvectors, we construct an eigenvector matrix

S =

[
1 1

1 −1

]
and S−1 = −1

2

[
−1 −1

−1 1

]
.

We observe that
A = SΛS−1.

By the comment halfway down on p. 267 and Eq. (1) above, we write

eAt = SeΛtS−1

=

[
1 1

1 −1

][
1 0

0 e−2t

](
−1

2

[
−1 −1

−1 1

])

= −1

2

[
1 1

1 −1

][
−1 −1

−e−2t e−2t

]

= −1

2

[
−1− e−2t −1 + e−2t

−1 + e−2t −1− e−2t

]

�

Exercise 5. A diagonal matrix like Λ =

[
1 0

0 2

]
satisfies the usual rule eΛ(t+T ) =

eΛteΛT , because the rule holds for each diagonal entry.

(a) Explain why eA(t+T ) = eAteAT , using the formula eAt = SeΛtS−1.

Solution: Let s = t+ T , then

eAs = SeΛsS−1

by the provided formula. Since Λ is diagonal,

eΛs = eΛ(t+T ) = eΛteΛT .

Thus, we see that

eAs = SeΛsS−1

= SeΛteλTS−1
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= SeΛt S−1S︸ ︷︷ ︸
I

eΛTS−1

=
(
SeΛtS−1

) (
SeΛTS−1

)
= eAteAT

(b) Show that eA+B = eAeB is not true for matrices, from the example

A =

[
0 0

1 0

]
B =

[
0 −1

0 0

]
(use series for eA and eB).

Solution: Observe

A2 =

[
0 0

1 0

][
0 0

1 0

]
=

[
0 0

0 0

]
and

B2 =

[
0 −1

0 0

][
0 −1

0 0

]
=

[
0 0

0 0

]
.

We see then that Ak, Bk = 0 for all k ≥ 2.

By equation (5) on p. 267, we get

eA = I + A+
A2

2!
+
A3

3!
+ · · ·

= I + A+ 0 + 0 + · · ·

=

[
1 0

0 1

]
+

[
0 0

1 0

]
=

[
1 0

1 1

]
and

eB = I +B +
B2

2!
+
B3

3!
+ · · ·

= I +B + 0 + 0 + · · ·

=

[
1 0

0 1

]
+

[
0 −1

0 0

]
=

[
1 −1

0 1

]
From this, we see that

eAeB =

[
1 0

1 1

][
1 −1

0 1

]
=

[
1 −1

1 0

]
.
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Next,

A+B =

[
0 0

1 0

]
+

[
0 −1

0 0

]
=

[
0 −1

1 0

]

(A+B)2 =

[
0 −1

1 0

][
0 −1

1 0

]
=

[
−1 0

0 −1

]

(A+B)3 =

[
−1 0

0 −1

][
0 −1

1 0

]
=

[
0 1

−1 0

]

(A+B)4 =

[
0 1

−1 0

][
0 −1

1 0

]
=

[
1 0

0 1

]
This means that (A+B)m = (A+B)n whenever m ≡ n mod 4.

Observe

a0(A+B)0 + a1(A+B)1 + a2(A+B)2 + a3(A+B)3 + · · ·+ an(A+B)n + · · ·

=

[
a0 0

0 a0

]
+

[
0 −a1

a1 0

]
+

[
−a2 0

0 −a2

]
+

[
0 a3

−a3 0

]
+ · · ·+

[
χm −ψm
ψm χm

]
+ · · ·

where

χm =

{
(−1)na2n if m = 2n, n ∈ Z

0 else

and

ψm =

{
(−1)na2n+1 if m = 2n+ 1, n ∈ Z

0 else

We simplify further to[
a0 − a2 + · · ·+ (−1)na2n + · · · −a1 + a3 − · · · − (−1)na2n+1 + · · ·

a1 − a3 + · · ·+ (−1)na2n+1 + · · · a0 − a2 + · · ·+ (−1)na2n + · · ·

]

When an =
xn

n!
, then

a0 − a2 + · · ·+ χn + · · ·

= 1− 1

2!
x2 +

1

4!
x4 − · · ·+ (−1)n

1

(2n)!
x2n + · · ·

= cos(x)

a1 − a3 + · · ·+ ψn + · · ·

= x− 1

3!
x3 +

1

5!
x5 − · · ·+ (−1)n

1

(2n+ 1)!
x2n+1 + · · ·

= sin(x)
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Then, we see that

eA+B = I + (A+B) +
(A+B)2

2!
+

(A+B)3

3!
+ · · ·

=

[
1 0

0 1

]
+

[
0 −1

1 0

]
+

1

2!

[
−1 0

0 −1

]
+

1

3!

[
0 1

−1 0

]
+ · · ·

=


1

0!
− 1

2!
+

1

4!
− · · · − 1

1!
+

1

3!
− 1

5!
+ · · ·

1

1!
− 1

3!
+

1

5!
− · · · 1

0!
− 1

2!
+

1

4!
− · · ·


=

[
cos(1) − sin(1)

sin(1) cos(1)

]

≈

[
.54 −.84

.84 .54

]

Hence, eA+B 6= eAeB.

�

Exercise 8. Suppose the rabbit population r and wolf population w are governed by

dr

dt
= 4r − 2w

dw

dt
= r + w

(a) Is this system stable, neutrally stable, or unstable?

Solution: We are given

du

dt
=

[
4 −2

1 1

]
u, A =

[
4 −2

1 1

]
.

We begin by finding eigenvalues of A. Write

det(A− λI) =

∣∣∣∣∣ 4− λ −2

1 1− λ

∣∣∣∣∣
= (4− λ)(1− λ)− (−2)(1)

= 4− 5λ+ λ2 + 2

= λ2 − 5λ+ 6

= (λ− 3)(λ− 2) = 0

Then, we see that our eigenvalues are λ = 2, 3. By 5M on p. 270, the solution
is unstable.
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(b) If initially r = 300 and w = 200, what are the populations at time t?

Solution: We solve for u(t). We know the eigenvalues of A are λ = 2, 3.
We find eigenvectors associated to these values:

λ1 = 2: [
2 −2

1 −1

][
x1

x2

]
=

[
2x1 − 2x2

x1 − x2

]
=

[
0

0

]

We see that x1 = x2 and so an eigenvector associated to 2 is

y1 =

[
1

1

]
.

λ2 = 3: [
1 −2

1 −2

][
x1

x2

]
=

[
x1 − 2x2

x1 − 2x2

]
=

[
0

0

]

So we see that x1 = 2x2, then an eigenvector associated to 3 is

y2 =

[
2

1

]
.

By equation (2) on p. 266, our general solution is

u(t) = c1e
2t

[
1

1

]
+ c2e

3t

[
2

1

]
=

[
r(t)

w(t)

]
.

We are given

u(0) =

[
300

200

]
and since

u(0) = c1e
0

[
1

1

]
+ c2e

0

[
2

1

]
=

[
c1 + 2c2

c1 + c2

]
,

we can solve for c1, c2. By the second equation,

c1 = 200− c2,

and substituting

300 = 200− c2︸ ︷︷ ︸
c1

+2c2 = 200 + c2.

We conclude c2 = 100, which implies c1 = 100.
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Hence,

r(t) = 100e2t + 200e3t

w(t) = 100e2t + 100e3t

(c) After a long time, what is the proportion of rabbits to wolves?

Solution:

rabbits

wolves
=

100e2t + 200e3t

100e2t + 100e3t

=
100e2t + 200e3t

100e2t + 100e3t

(
e−3t

e−3t

)
=

100e−t + 200

100e−t + 100

t→∞−→ 200

100
= 2

�

Exercise 9. Decide the stability of u′ = Au for the following matrices:

(a) A =

[
2 3

4 5

]
Solution: Since TrA = 2 + 5 = 7 and detA = 10 − 12 = −2, equation

(14) on p. 271 gives

λ± =
7±

√
72 − 4(−2)

2

=
7±
√

49 + 8

2

=
7±
√

57

2

Since
√

57 > 7, we see that λ− < 0. But, λ+ > 0. We conclude that u is
unstable.

(b) A =

[
1 2

3 −1

]
Solution: Since TrA = 1− 1 = 0 and detA = −1− 6 = −7, we have

λ± =
0±

√
02 − 4(−7)

2

=
±
√

28

2

which implies that λ+ > 0 and λ− < 0. We conclude that u is unstable.
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(c) A =

[
1 1

1 −2

]
Solution: TrA = 1− 2 = −1 and detA = −2− 1 = −3 and so

λ± =
−1±

√
(−1)2 − 4(−3)

2

=
−1±

√
1 + 12

2

=
−1±

√
13

2

Then, we see that λ+ > 0 and λ− < 0 which means u is unstable.

(d) A =

[
−1 −1

−1 −1

]
Solution: TrA = −1− 1 = −2 and detA = 0 so

λ± =
−2±

√
(−2)2 − 4(0)

2

=
−2±

√
4

2

=
−2± 2

2

Thus, we see that λ+ = 0 and λ− < 0 which means u is neutrally stable.

�

Exercise 14. What are the eigenvalues λ and frequencies ω, and the general solution,
of the following equation?

d2u

dt2
=

[
−5 4

4 −5

]
u.

Solution: Let

A =

[
−5 4

4 −5

]
.

We compute its eigenvalues and eigenvectors.

det(A− λI) =

∣∣∣∣∣ −5− λ 4

4 −5− λ

∣∣∣∣∣
= (−5− λ)(−5− λ)− 16

= λ2 + 10λ+ 25− 16

= λ2 + 10λ+ 9
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= (λ+ 9)(λ+ 1) = 0

We conclude λ = −1,−9. By p. 274, we see that

−ω2 = λ ⇒ ω = ±1,±3.

Next, we compute the eigenvectors associated to λ = −1,−9.

λ1 = −1:

(A+ I)x =

[
−4 4

4 −4

][
x1

x2

]
=

[
−4x1 + 4x2

4x1 − 4x2

]
=

[
0

0

]
So x1 = x2 and an eigenvector associated to −1 is

y1 =

[
1

1

]
.

λ2 = −9:

(A+ 9I)x =

[
4 4

4 4

][
x1

x2

]
=

[
4x1 + 4x2

4x1 + 4x2

]
Hence, x1 = −x2 and an eigenvector associated to −9 is

y2 =

[
1

−1

]
.

Then, as per equation (18) on p. 274,

u(t) = (c1e
it + d1e

−it)

[
1

1

]
+ (c2e

3it + d2e
−3it)

[
1

−1

]
,

or equivalently per equation (19),

u(t) = (a1 cos t+ b1 sin t)

[
1

1

]
+ (a2 cos(3t) + b2 sin(3t))

[
1

−1

]
.

�

Exercise 15. Solve the second-order equation

d2u

dt2
=

[
−5 −1

−1 −5

]
u with u(0) =

[
1

0

]
and u′(0) =

[
0

0

]
.

Solution: Let

A =

[
−5 −1

−1 −5

]
.
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We find its eigenvalues and eigenvectors.

det(A− λI) =

∣∣∣∣∣ −5− λ −1

−1 −5− λ

∣∣∣∣∣
= (−5− λ)(−5− λ)− 1

= λ2 + 10λ+ 25− 1

= λ2 + 10λ+ 24

= (λ+ 6)(λ+ 4) = 0

Hence, we see λ = −4,−6.

λ1 = −4:

(A+ 4I)x =

[
−1 −1

−1 −1

][
x1

x2

]
=

[
−x1 − x2

−x1 − x2

]
=

[
0

0

]
We see x1 = −x2, then an eigenvector associated to −4 is

y1 =

[
1

−1

]
.

We also note that ω1 = 2, ω2 = −2.

λ2 = −6:

(A+ 6I)x =

[
1 −1

−1 1

][
x1

x2

]
=

[
x1 − x2

−x1 + x2

]
=

[
0

0

]
Hence, x1 = x2 and an eigenvector associated to −6 is

y2 =

[
1

1

]
.

Additionally, ω3 =
√

6, ω4 = −
√

6.

We now provide two methods for the solution, which are equivalent although the
second method is demonstrably better. I would recommend using the second method
where possible.

Method 1: Following equation (18) on p. 274, we see the general solution is

u(t) = (c1e
2it + d1e

−2it)

[
1

−1

]
+ (c2e

√
6it + d2e

−
√

6it)

[
1

1

]
.

We now apply our initial conditions:

u(0) =

[
1

0

]
and u′(0) =

[
0

0

]
.
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We write [
1

0

]
= u(0) = (c1e

0 + d1e
0)

[
1

−1

]
+ (c2e

0 + d2e
0)

[
1

1

]

=

[
c1 + d1

−c1 − d1

]
+

[
c2 + d2

c2 + d2

]

=

[
c1 + d1 + c2 + d2

−c1 − d1 + c2 + d2

]

We observe that

u′(t) = (2ic1e
2it − 2id1e

−2it)

[
1

−1

]
+ (
√

6 ic2e
√

6it −
√

6 id2e
−
√

6it)

[
1

1

]
.

Then [
0

0

]
= u′(0) = (2ic1e

0 − 2id1e
0)

[
1

−1

]
+ (
√

6 ic2e
0 −
√

6 id2e
0)

[
1

1

]

=

[
2ic1 − 2id1

−2ic1 + 2id1

]
+

[ √
6ic2 −

√
6 id2√

6ic2 −
√

6 id2

]

=

[
2ic1 − 2id1 +

√
6 ic2 −

√
6 id2

−2ic1 + 2id1 +
√

6 ic2 −
√

6 id2

]

We now have a system of equations of 4 equations and 4 unknowns:

c1 + d1 + c2 + d2 = 1

−c1 − d1 + c2 + d2 = 0

2ic1 − 2id1 +
√

6 ic2 −
√

6 id2 = 0

−2ic1 + 2id1 +
√

6 ic2 −
√

6 id2 = 0

We write 
c1 d1 c2 d2 1

−c1 −d1 c2 d2 0

2ic1 −2id1

√
6 ic2 −

√
6 id2 0

−2ic1 2id1

√
6 ic2 −

√
6 id2 0



R1+R2→R2
R3+R4→R4−→


c1 d1 c2 d2 1

0 0 2c2 2d2 1

2ic1 −2id1

√
6 ic2 −

√
6 id2 0

0 0 2
√

6 ic2 −2
√

6 id2 0


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−2iR1+R3→R3−→


c1 d1 c2 d2 1

0 0 2c2 2d2 1

0 −4id1 (
√

6− 2)ic2 (−
√

6− 2)id2 −2i

0 0 2
√

6 ic2 −2
√

6 id2 0



R2↔R3−→


c1 d1 c2 d2 1

0 −4id1 (
√

6− 2)ic2 (−
√

6− 2)id2 −2i

0 0 2c2 2d2 1

0 0 2
√

6 ic2 −2
√

6 id2 0



−(
√

6 i)R3+R4→R4−→


c1 d1 c2 d2 1

0 −4id1 (
√

6− 2)ic2 (−
√

6− 2)id2 −2i

0 0 2c2 2d2 1

0 0 0 −4
√

6 id2 −
√

6 i


We see that

−4
√

6 id2 = −
√

6 i ⇒ d2 =
1

4
.

Looking at the third equation, we see that c2 =
1

4
as well. Next,

−2i = −4id1 + (
√

6− 2)ic2 − (
√

6 + 2)id2

= −4id1 + (
√

6− 2)i

(
1

4

)
− (
√

6 + 2)i

(
1

4

)
= −4id1 +

√
6 i

4
− 2i

4
−
√

6 i

4
− 2i

4

= −4id1 − i

⇒ −i = −4id1

⇒ d1 =
1

4

Finally, the first equation implies c1 =
1

4
. Therefore, we conclude our particular

solution is

u(t) =

(
1

4
e2it +

1

4
e−2it

)[
1

−1

]
+

(
1

4
e
√

6 it +
1

4
e−
√

6 it

)[
1

1

]
.

Method 2: We go about this in a more efficient way. Instead of equation (18),
we use equation (19) on p. 274:
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u(t) = (a1 cos(2t) + b1 sin(2t))

[
1

−1

]
+
(
a2 cos(

√
6 t) + b2 cos(

√
6 t)
)[ 1

1

]
.

The benefit of this format is that sin(0) = 0 which implies[
1

0

]
= a1 cos(0)︸ ︷︷ ︸

1

[
1

−1

]
+ a2 cos(0)︸ ︷︷ ︸

1

[
1

1

]
=

[
a1 + a2

−a1 + a2

]
.

From this we see, a1 = a2 ⇒ a1 =
1

2
= a2.

Now,

u′(t) = (−2a1 sin (2t) + 2b1 cos (2t))

[
1

−1

]
+
(
−
√

6 a2 sin
(√

6 t
)

+
√

6 b2 cos
(√

6
))[ 1

1

]
.

Then, since sin 0 = 0,[
0

0

]
= u′(0) = 2b1 cos 0︸︷︷︸

1

[
1

−1

]
+
√

6 b2 cos 0︸︷︷︸
1

[
1

1

]

=

[
2b1

−2b1

]
+

[ √
6 b2√
6 b2

]

=

[
2b1 +

√
6 b2

−2b1 +
√

6 b2

]

We see b1 = −
√

6

2
b2 and b1 =

√
6

2
b2 which implies b1 = 0 = b2.

Therefore, we see

u(t) =
1

2
cos(2t)

[
1

−1

]
+

1

2
cos
(√

6 t
)[ 1

1

]
.

�

Note 1. Since

cosx =
eix + e−ix

2
,

we see that

1

2
cos(2t) =

1

2

(
e2it + e−2it

2

)
=
e2it + e−2it

4

1

2
cos(
√

6 t) =
1

2

(
e
√

6 it + e−
√

6 it

2

)
=
e
√

6 it + e−
√

6 it

4
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We conclude the solutions are indeed the same although one method required signif-
icantly less computation.

5.5. Complex Matrices.

Exercise 6. Find the lengths and the inner product of

x =

[
2− 4i

4i

]
and y =

[
2 + 4i

4i

]
.

Solution: Write

‖x‖ =

√
(2− 4i) (2− 4i) + 4i (4i)

=
√

(2 + 4i)(2− 4i)− 4i (4i)

=
√

4 + 16 + 16

=
√

36 = 6

‖y‖ =

√
(2 + 4i) (2 + 4i) + 4i (4i)

=
√

(2− 4i)(2 + 4i)− 4i (4i)

=
√

4 + 16 + 16 =
√

36 = 6

Moreover,

x · y = (2− 4i) (2 + 4i) + 4i (4i)

= (2 + 4i)(2 + 4i)− 4i (4i)

= 4 + 16i− 16 + 16

= 4 + 16i

�

The following proposition will be used in a couple of the following problems so we
address it here.

Proposition 2. For any complex matrix A,

(AH)H = A.

Proof. We define

AH = A
T
.

Consider the following facts for a complex matrix A:

(1) (AT )T = A by the second sentence at the top of p. 50

(2) A = (aij) = (aij) = A by p. 281

(3) A
T

= (aij)
T = (aji) = (aji) = AT
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From these three facts,

(AH)H = (A
T

)
T

= AT
T

= (AT )T = A.

�

Exercise 7. Write out the matrix AH and compute C = AHA if

A =

[
1 i 0

i 0 1

]
.

What is the relation between C and CH? Does it hold whenever C is constructed
from some AHA?

Solution: We write

AH =

 1 −i
−i 0

0 1


C = AHA

=

 1 −i
−i 0

0 1

[ 1 i 0

i 0 1

]

=

 1− i2 i −i
−i −i2 0

i 0 1



=

 2 i −i
−i 1 0

i 0 1


We observe that CH = C:

CH =

 2 −i i

i 1 0

−i 0 1

 =

 2 i −i
−i 1 0

i 0 1

 = C.

For any choice of A, CH = C = AHA because

CH = (AHA)H = AH(AH)H = AHA = C

where (AH)H = A by prop (2).

�

Exercise 27. Prove that AHA is always a Hermitian matrix. Compute AHA and
AAH :

A =

[
i 1 i

1 i i

]
.
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Solution: AHA is always Hermitian since

(AHA)H = AH(AH)H = AHA

where (AH)H by prop (2).

When

A =

[
i 1 i

1 i i

]
,

then

AH =

 i 1

1 i

i i

 =

 −i 1

1 −i
−i −i

 .
Next,

AHA =

 −i 1

1 −i
−i −i

[ i 1 i

1 i i

]

=

 −i2 + 1 −i+ i −i2 + i

i− i 1− i2 i− i2

−i2 − i −i− i2 −i2 − i2



=

 2 0 i+ 1

0 2 i+ 1

1− i 1− i 2



AAH =

[
i 1 i

1 i i

] −i −1

1 −i
−i −i


=

[
−i2 + 1− i2 i− i− i2

−i+ i− i2 1− i2 − i2

]

=

[
3 1

1 3

]

�

5.6. Similarity Transformations.

Exercise 1. If B is similar to A and C is similar to B, show that C is similar to A.
(Let B = M−1AM an C = N−1BN .) Which matrices are similar to I?

Solution: Suppose B = M−1AM and C = N−1BN . Write

C = N−1BN = N−1(M−1AM)M = (MN)−1A(MN).

Hence, C is similar to A.
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Suppose A is similar to I. Then there exists an invertible M such that

A = M−1IM = M−1M = I.

We conclude the only matrix similar to I is I itself.

�

Exercise 16.

(a) Find an orthogonal Q so that Q−1AQ = Λ if

A =

 1 1 1

1 1 1

1 1 1

 and Λ =

 0 0 0

0 0 0

0 0 3

 .
Then find a second pair of orthonormal eigenvectors x1, x2 for λ = 0.

Solution: Given

Λ =

 0 0 0

0 0 0

0 0 3

 =

 λ1 0 0

0 λ1 0

0 0 λ2

 ,
we see the eigenvalues of A are λ1 = 0 and λ2 = 3. We use this to find
eigenvectors of A.

λ1 = 0:

Ax =

 1 1 1

1 1 1

1 1 1


 x1

x2

x3

 =

 x1 + x2 + x3

x1 + x2 + x3

x1 + x2 + x3

 =

 0

0

0


Take x1 = −x2 − x3, then eigenvectors associated to 0 are

y1 =

 −1

1

0

 and y2 =

 −1

0

1

 .
Observe that these vectors are linearly independent and will span the eigenspace,
which we will denote E0.

λ = 3:

(A− 3I)x =

 −2 1 1

1 −2 1

1 1 −2


 x1

x2

x3

 =

 −2x1 + x2 + x3

x1 − 2x2 + x3

x1 + x2 − 2x3

 =

 0

0

0


The first equation tells us that x3 = 2x1−x2. Substituting this into the second
equation,

0 = x1 − 2x2 + x3 = x1 − 2x2 + 2x1 − x2 = 3x1 − 3x2.
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We conclude that x1 = x2, which implies x3 = x1. Thus, an eigenvector
associated to 3 is

y3 =

 1

1

1

 .
Now, take our set of eigenvectors and make them orthonormal:

E =


 −1

1

0

 ,
 −1

0

1

 ,
 1

1

1


 .

We apply the Gram-Schmidt method to E to produce orthonormal vectors.

Let

a =

 −1

1

0

 , b =

 −1

0

1

 , c =

 1

1

1

 .
Then

q1 =
a

‖a‖
=

1√
2

 −1

1

0

 =

 −1/
√

2

1/
√

2

0


q̃2 = b− (q1 · b)q1

=

 −1

0

1

− ( 1√
2

) −1/
√

2

1/
√

2

0



=

 −1

0

1

−
 −1/2

1/2

0



=

 −1/2

−1/2

1



q2 =
q̃2

‖q̃2‖
=

(√
2

3

) −1/2

−1/2

1

 =

 −1/
√

6

−1/
√

6

2/
√

6


q̃3 = c− (q1 · c)q1 − (q2 · c)q2

=

 1

1

1

− 0

 −1/
√

2

1/
√

2

0

− 0

 −1/
√

6

−1/
√

6

2/
√

6


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=

 1

1

1



q3 =
q̃3

‖q̃3‖
=

1√
3

 1

1

1

 =

 1/
√

3

1/
√

3

1/
√

3


Let

QE =

 −1/
√

2 −1/
√

6 1/
√

3

1/
√

2 −1/
√

6 1/
√

3

0 2/
√

6 1/
√

3

 .
Since the columns of QE are orthonormal, 3Q on p. 175 implies QT

E = Q−1
E .

Then

Q−1
E AQE =

 −1/
√

2 1/
√

2 0

−1/
√

6 −1/
√

6 2/
√

6

1/
√

3 1/
√

3 1/
√

3


 1 1 1

1 1 1

1 1 1


 −1/

√
2 −1/

√
6 1/

√
3

1/
√

2 −1/
√

6 1/
√

3

0 2/
√

6 1/
√

3



=

 0 0 0

0 0 0√
3
√

3
√

3


 −1/

√
2 −1/

√
6 1/

√
3

1/
√

2 −1/
√

6 1/
√

3

0 2/
√

6 1/
√

3



=

 0 0 0

0 0 0

0 0 3

 = Λ

Next, we choose a different basis for E0 and make them orthonormal:

a =

 −2

1

1

 and b =

 0

−1

1

 .
We apply the Gram-Schmidt method.

v1 =
a

‖a‖
=

1√
6

 −2

1

1

 =

 −2/
√

6

1/
√

6

1/
√

5


ṽ2 = b− (v1 · b)v1

=

 0

−1

1

− 0

 −2/
√

6

1/
√

6

1/
√

6


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=

 0

−1

1



v2 =
ṽ2

‖ṽ2‖
=

1√
2

 0

−1

1

 =

 0

−1/
√

2

1/
√

2


(b) Verify that P = x1x

T
1 + x2x

T
2 is the same for both pairs.

Solution: We have the pairsq1 =

 −1/
√

2

1/
√

2

0

 , q2 =

 −1/
√

6

−1/
√

6

2/
√

6


 and

v1 =

 −2/
√

6

1/
√

6

1/
√

6

 , v2 =

 0

−1/
√

2

1/
√

2


 .

Write

Pq =

 −1/
√

2

1/
√

2

0

[ − 1√
2

1√
2

0

]
+

 −1/
√

6

−1/
√

6

2/
√

6

[ − 1√
6
− 1√

6

2√
6

]

=

 1/2 −1/2 0

−1/2 1/2 0

0 0 0

+

 1/6 1/6 −2/6

1/6 1/6 −2/6

−2/6 −2/6 4/6



=

 3/6 −3/6 0

−3/6 3/6 0

0 0 0

+

 1/6 1/6 −2/6

1/6 1/6 −2/6

−2/6 −2/6 4/6



=

 4/6 −2/6 −2/6

−2/6 4/6 −2/6

−2/6 −2/6 4/6



=
1

3

 2 −1 −1

−1 2 −1

−1 −1 2


Similarly,

Pv =

 −2/
√

6

1/
√

6

1/
√

6

[ − 2√
6

1√
6

1√
6

]
+

 0

−1/
√

2

1/
√

2

[ 0 − 1√
2

1√
2

]
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=

 4/6 −2/6 −2/6

−2/6 1/6 1/6

−2/6 1/6 1/6

+

 0 0 0

0 1/2 −1/2

0 −1/2 1/2



=

 4/6 −2/6 −2/6

−2/6 1/6 1/6

−2/6 1/6 1/6

+

 0 0 0

0 3/6 −3/6

0 −3/6 3/6



=

 4/6 −2/6 −2/6

−2/6 4/6 −2/6

−2/6 −2/6 4/6



=
1

3

 2 −1 −1

−1 2 −1

−1 −1 2

 = Pq

�

Exercise 22. Find a unitary U and triangular T so that U−1AU = T , for

A1 =

[
5 −3

4 −2

]
and A2 =

 0 1 0

0 0 0

1 0 0

 .
Solution: We begin by finding eigenvalues and eigenvectors of A1.

We write

det(A1 − λI) =

∣∣∣∣∣ 5− λ −3

4 −2− λ

∣∣∣∣∣
= (5− λ)(−2− λ)− (−12)

= −10 + 2λ− 5λ+ λ2 + 12

= λ2 − 3λ+ 2

= (λ− 2)(λ− 1) = 0

so we get λ = 1, 2.

λ1 = 1:

(A1 − I)x =

[
4 −3

4 −3

][
x1

x2

]
=

[
4x1 − 3x2

4x1 − 3x2

]
=

[
0

0

]
We get 4x1 = 3x2 and we see an eigenvector associated to 1 is

y1 =

[
3

4

]
.
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λ = 2:

(A1 − 2I)x =

[
3 −3

4 −4

][
x1

x2

]
=

[
3x1 − 3x2

4x1 − 4x2

]
=

[
0

0

]
Then, x1 = x2 and we see an eigenvector associated to 2 is

y2 =

[
1

1

]
.

Now, we make y1, y2 orthonormal. By the Gram-Schmidt method,

q1 =
y1

‖y1‖
=

1

5

[
3

4

]
=

[
3/5

4/5

]
q̃2 = y2 − (q1 · y2)q1

=

[
1

1

]
− 7

5

[
3/5

4/5

]

=

[
1

1

]
−

[
21/25

28/25

]

=

[
4/25

−3/25

]

q2 =
q̃2

‖q̃2‖
= 5

[
4/25

−3/25

]
=

[
4/5

−3/5

]

Now, we take

U =

[
3/5 4/5

4/5 −3/5

]
.

Since the columns of U are orthonormal, UT
1 U = I by 3Q on p. 175. Write

U−1A1U =

[
3/5 4/5

4/5 −3/5

][
5 −3

4 −2

][
3/5 4/5

4/5 −3/5

]

=
1

25

[
3 4

4 −3

][
5 −3

4 −2

][
3 4

4 −3

]

=
1

25

[
15 + 16 −9− 8

20− 12 −12 + 6

][
3 4

4 −3

]

=
1

25

[
31 −17

8 −6

][
3 4

4 −3

]
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=
1

25

[
93− 68 124 + 51

24− 24 32 + 18

]

=
1

25

[
25 175

0 50

]

=

[
1 7

0 2

]
= T1

Next, we find the eigenvalues and eigenvectors of A2. Write

det(A2 − λI) =

∣∣∣∣∣∣∣
−λ 1 0

0− λ 0

1 0 −λ

∣∣∣∣∣∣∣
= (−λ)(−1)3+3

∣∣∣∣∣ −λ 1

0 −λ

∣∣∣∣∣
= −λ[(−λ)(−λ)− 0]

= −λ3 = 0

So we see the eigenvalues of A2 of λ = 0 with algebraic multiplicity 3. But observe
the only eigenvalue of 0 is

y =

 0

0

1

 .
Now, observe that if

e1 =

 1

0

0

 , e2 =

 0

1

0

 ,

A2e2 =

 0 1 0

0 0 0

1 0 0


 0

1

0

 =

 1

0

0

 = e1

A2e1 =

 0 1 0

0 0 0

1 0 0


 1

0

0

 =

 0

0

1

 = y.

So, we’ll choose our matrix such that y is the first column, e1 is the second, and
e3 is the third, that is,

U = [y e1 e2] = [A2e2 Ae2 e2].

This matrix turns out to be P123.
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Let

P123 =

 0 1 0

0 0 1

1 0 0

 and P−1
123 = P T

123 =

 0 0 1

1 0 0

0 1 0

 .
P123 is a unitary and

P−1
123A2P123 =

 0 0 1

1 0 0

0 1 0


 0 1 0

0 0 0

1 0 0


 0 1 0

0 0 1

1 0 0



=

 1 0 0

0 1 0

0 0 0


 0 1 0

0 0 1

1 0 0



=

 0 1 0

0 0 1

0 0 0

 = T2

�


