MATH 511 HOMEWORK 6
DUE THURSDAY, JULY 25, 2019

5. EIGENVALUES AND EIGENVECTORS

5.4. Differential Equations and e*’.

Exercise 1. Following the first example in this section, find the eigenvalues and
eigenvectors, and the exponential e4?, for

-1 1
1 -1 |

Solution: We begin by finding the eigenvalues and eigenvectors of A:

A=

det(A—)\I):' 4‘? _1_i
=(-1=-X)(-1-X))—-1
=1+2X 4+ X -1
=A%+ 2)
=AA+2)=0
We see A = 0, —2 and we may take
o sl

By equation (4) on p. 266, we see that

-1 1 x| | —xmitx | |0
1 -1 To N xr1 — T2 B 0

This implies ; = x5 and so an eigenvector associated to 0 is

1
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weane=[ 4] 2] [2] [

So we see that r1 = —x9 and an eigenvector associated to —2 is

From our eigenvectors, we construct an eigenvector matrix
1 1 1] -1 —1
S = and S'=-= .
1 -1 21 -1 1

A= SAS.

/\2 = -2

Q?l—i—xz
1+ X9

We observe that

By the comment halfway down on p. 267 and Eq. (1) above, we write

eAt — S@Ats_l

Gl )
I EE

1| —1—e2 —14e2
2| —14e 2 —1—e2

Exercise 5. A diagonal matrix like A =

] satisfies the usual rule eAt+7) =

eMelT  because the rule holds for each diagonal entry.

AMHT) = eAteAT ysing the formula et = SeM ST

(a) Explain why e
Solution: Let s =t + T, then
eAs — SeAss—l
by the provided formula. Since A is diagonal,

As A(t+T)

e =e€ BAteAT .

Thus, we see that

eAs — SeAss—l

— SeAteXTS—l
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— SeAt SfISeATSfl
I

= (SeAtS_l) (SeATS_l)
_ At AT

(b) Show that e+ = e4e® is not true for matrices, from the example

A=
10 0 0

IR
I EE!

We see then that A%, B =0 for all £ > 2.

-1
00 ] B = [ 0 ] (use series for e and ).

Solution: Observe

A? =

and

B* =

By equation (5) on p. 267, we get

A2 A3
A_ — — o« o o
e —I+A+2!+3!+
=I+A+0+0+---
1o n 00| |10
101 1o |11
and
B> B?
B _ 2 2 4.
e —[+B+2!+3!—|—

= [ +B+0+0+---

-l )=l

From this, we see that

o[ R-1)
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[0 0 0 —1 0 —1
A+ DB = .
+ 10]+[0 0] [1 0]

(A4 By 0—1] 0—1]:[—1 0

Next,

1 ol|l1 o 0 —1
1 o]0 =41 0 1]
A+ B)? = =
(4+B) 0 —1 [1 o] [—10
01 ]fo -1 10
A+ B)' = =
N EHIE R

This means that (A + B)™ = (A + B)" whenever m =n mod 4.

Observe
ap(A+ B)’ +a1(A+ B)' + ax(A+ B)* +a3(A+ B’ + -+ a,(A+ B)" + - -
_ Qo 0 0 —ay n —as 0 0 as o
0 Qo a1 0 0 —Q2 —das 0 1/Jm
where
(=) "ag, ifm=2nnecZ
Xm =
0 else
and
UV = (=D "agpe1 ifm=2n+1nez
" 0 else
We simplify further to
ao—a2+--~+(—1)”a2n+-~' —a1+a3—~-—(—1)"a2n+1—|—~~-
al—a3+-'-+(—1)”a2n+1+~-- ao—ag—i---'—i-(—l)”agn—i—-“

n

x
When a,, = —, then
n!

ao_a2+...+xn+...

1 _ s . _ 1\~ ..2n
1 TR +(—1) (2n>!x +
= cos(x)
a1—@3+"'+¢n+"'
_ 1 3 1 5 n 1 2n+1
AT T G
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Then, we see that

2 3
eA+B:1+(A+B)+(A+B) +(A+B) +

2l 3!
10 B O I O I N I O B O O
01 1 o 20| 0o —-1| 3]-10
C1 11 111
T T T TR TR I
111 111
o3t o 2 e

Q

Hence, eA+8 £ edeb.
|

Exercise 8. Suppose the rabbit population r» and wolf population w are governed by

d
d—::4r—2w
dw n
—=r+4uw
dt

(a) Is this system stable, neutrally stable, or unstable?

Solution: We are given

dt 1 1 1 1

We begin by finding eigenvalues of A. Write

4— A -2

det(A—AI) = L 1)

=(@A=-N1-2)-(=2)1)
=4 -5+ A\ +2

=X —5\+6
=(A=3)(A=2)=0

Then, we see that our eigenvalues are A = 2, 3. By 5M on p. 270, the solution
is unstable.
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(b) If initially » = 300 and w = 200, what are the populations at time ¢?

Solution: We solve for u(t). We know the eigenvalues of A are A = 2, 3.
We find eigenvectors associated to these values:

Al

We see that 1 = x5 and so an eigenvector associated to 2 is

R

So we see that x; = 2z, then an eigenvector associated to 3 is

By equation (2) on p. 266, our general solution is
2 r(t)
3t _
w110 )
u(0) = 300
200

2
—|—0260[1]:

we can solve for ¢y, co. By the second equation,

c1 = 200 — ¢,

1

u(t) = cre*

We are given

and since

c1+ 2co

u(0) = ¢1e°
() ! Cl+62

and substituting

300 = 200 — ¢g +2c2 = 200 + 3.
N——

Cc1

We conclude ¢, = 100, which implies ¢; = 100.
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Hence,
r(t) = 100e* + 200e™

w(t) = 100e* + 1003

(c) After a long time, what is the proportion of rabbits to wolves?

Solution:

rabbits 100e?t + 200e3t
wolves  100e2t + 100e3t
_ 100e?t + 200e3t [ e3¢
~100e2t 4+ 100e3t \ e3¢
~100e~* + 200
~100e~t + 100
t—o00 200
e )
100

Exercise 9. Decide the stability of v’ = Au for the following matrices:

2 3
4 5

Solution: Since TrA =2+ 5 =7 and det A = 10 — 12 = —2, equation
(14) on p. 271 gives

(a) A=

L TEVT A

2
_ TEv49+8
- 2
_ TEV5T
2
Since v/57 > 7, we see that \_ < 0. But, A\, > 0. We conclude that u is
unstable.
1 2
b) A=
) A=|, | ]

Solution: Since TrA=1—-—1=0and det A=—-1—-6= —7, we have

L 0EVOTAT)
:t pr—
2

_ +V/28
===

which implies that A, > 0 and A\_ < 0. We conclude that u is unstable.
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1 1
1 -2
Solution: TrA=1—2=—-1landdetA=—-2—-1= —3 and so

-1 /(—1)2 —4(-3)
B 2

-1+ 1412
2

—1+£+v13
2

Then, we see that Ay > 0 and A\_ < 0 which means u is unstable.

(c) A=

At

-1 -1

A=)

Solution: TrA=—-1—-—1= -2 and det A =0 so

\, = —22 /27— 40)

2

—2+V4
2
_—24£2
2
Thus, we see that A, = 0 and A\_ < 0 which means u is neutrally stable.

Exercise 14. What are the eigenvalues A and frequencies w, and the general solution,

of the following equation?
d*u -5 4
— = u.
dt? 4 =5

Solution: Let

5 4
A= > .
4 =5
We compute its eigenvalues and eigenvectors.
—5—=A 4
det(A — \I) =
4 —5-=A

= (=5 —=M\)(=5—\)— 16
=X+ 10)A+25—16
= A2+ 10\ +09
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=A+9A+1)=0

We conclude A = —1,—9. By p. 274, we see that
—wr=)\ = w==+l1,4£3.

Next, we compute the eigenvectors associated to A = —1, —9.

- i

(A n [)1‘ _ —4 4 T _ —4I1 + 4:!172
4 —4 To 4y — 4wy

So x; = x5 and an eigenvector associated to —1 is

)\2 = -0
4 4 ] day + 4
(A—|—9])x: T _ $1+ T
4 4 i) 4.771 + 4.2?2
Hence, 1 = —x5 and an eigenvector associated to —9 is

—_ 1_
Yo = 1 |-

Then, as per equation (18) on p. 274,

u(t) = (cre” + die™™)

or equivalently per equation (19),

u(t) = (aj cost + by sint) + (ag cos(3t) + by sin(3t)) [ ! ] .

—1

Exercise 15. Solve the second-order equation

du -5 -1 . 1 ! |0
ﬁ:[—l _5]u with u(O):[()] and U(O)—[

Solution: Let

-5 —1
-1 =5 |
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We find its eigenvalues and eigenvectors.

det(A — ) = | — __i . __i
=(=5=XN(-b—-X)—1
=N+ 1004251
= A+ 10N+ 24
=A+6)(A+4)=0
Hence, we see A = —4, —6.
A= —4
-1 -1 T —T] — 0
w3020
We see x1 = —z9, then an eigenvector associated to —4 is

We also note that w; = 2, wy = —2.

)\2 = —06:

1 -1 1 xT1 — T2
A+6l)r = =

Hence, x1 = 25 and an eigenvector associated to —6 is

B 1
Y2 = 1|
Additionally, w3 = \/6, wy = —/6.

We now provide two methods for the solution, which are equivalent although the
second method is demonstrably better. I would recommend using the second method
where possible.

o)

Method 1: Following equation (18) on p. 274, we see the general solution is

u(t) = (cre® + dye ") [

. , 1
+ <C2€\/gzt+d26—\/gzt) [ 1 ] ]

We now apply our initial conditions:

u(O):[(l)] and u’(O)z[S].
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We write

[ ! ] —u(0) = (c16” + dye?) [

1
+ (CQ@O + d2€0) [ 1 ]

02+d2
Cg+d2

c1 + d1
—cp —dy

Cl+d1+02+d2
—Cl—d1+02+d2

We observe that
1

u'(t) = (Qicle%t _ 2id1672it) [ + (\/67;026\/6% . \/éidge*‘/g“)

Then

|t (V6icoe® — V6idye?)
V6icy — /6 idy
V6icy — /6idy

[ 2ier — 2idy + VBic, — VBidy
—22'01 + 2Zd1 + \/62'02 - \/éZdQ

[ 0 ] =u/(0) = (2icie’ — 2id;e") [

27:61 — QZdl
—2i01 + 2Zd1

We now have a system of equations of 4 equations and 4 unknowns:

¢+ d1 + Co + dg =1

- — dl + C2 + dg =0

2icy, — 2id; + V6ics — V6idy, = 0

—2i61 + 2Zd1 + \/éiCQ — \/éldg =0
We write

[ C1 dy Co dy | 1

—C1 —dl (6)) d2 0

QiCl —2’ld1 \/6 iCQ —v6 ’ld2 0

| —2ic;  2id; V6ic; —V6idy |0

i C1 d1 Co d2 1

mimom |0 0 20 2d, | 1

2ic; —2idy  V6ics —+v6idy |0

0 0 2v6ics —2v61ids | 0
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cy dy Cy do 1
~2iR1+ Ry~ Ry 0 0 2co 2ds 1
0 —4id; (V6 —2)icy (=6 —2)idy | —2i
|0 0 2/6icy —2v6idy | 0 |
[, dy Cy do 1]
R 0 —4id; (V6 —2)icy (=6 —2)idy | —2i
0 0 2¢, 2y | 1
0 0 2/6icy —2v6idy | 0 |
[ dq Co ds 1
(VB0 Ry Rims By 0 —did; (V6 —2)icy (—V6—2)idy | —2i
0 0 20, 2d, 1
0 0 0 —4V/6idy | —V/6i

We see that
1
—46idy = —\V6i = dy= "

1
Looking at the third equation, we see that c, = 1 as well. Next,
—2i = —4idy + (V6 — 2)icy — (V6 + 2)id,

= —did; + (V6 — 2)i (}1) - (V6 +2)i G)

= —4id - — =
Y E
= —4Zd1 — 1
= —1 = —4Zd1
1
= dl - Z
. S 1 .
Finally, the first equation implies ¢; = 1 Therefore, we conclude our particular

solution is

1. 1 , 1 1 , 1 . 1
U(t> = <Z€2lt + Z€2lt> [ 1 + <Z—l€\/élt + Zeﬁlt) [ 1 ] .

Method 2: We go about this in a more efficient way. Instead of equation (18),
we use equation (19) on p. 274:
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u(t) = (ag cos(2t) + by sin(2t)) [

+ (az cos(V6 1) + by cos(\/ét)> [ i ] .

The benefit of this format is that sin(0) = 0 which implies

1 1 1 a1 + as
[O] :alcosl(O) [ ) +azcos1(0) [ ) ] = [

—ay + as
. 1
From this we see, a1 =ay = a1 = 5 =0

Now,

u'(t) = (—2aq sin (2t) + 2b; cos (2t)) [

H(VBassin (V1) + Vbcos (VE)) [ 1 ] |
Then, since sin(0 = 0,

1
0| u'(0) = 2by cos ()
0 ~N —1

2h,
—2b;

1
—|—\/6bgcols() [ ) ]

| VBb

2b; + V6 by
—2by 4+ V6 by

%m]

6 6
We see by = —g by and by = % b, which implies by = 0 = bs.

Therefore, we see

u(t) = %cos(Qt) [ _1

+%cos<\/6t> [ 1 ]

Note 1. Since
eim ‘I‘ 6—@'3:
coSyx = ————

we see that

1 1 62it + 672# 62it + 672#
~cos(2t) = =
3 cos2) =3 ( 2 > 1

e\/éit+€—\/éit> eVBit | o—VEit

1 1
§COS(\/615) =35 ( 5 = 1
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We conclude the solutions are indeed the same although one method required signif-

icantly less computation.

5.5. Complex Matrices.
Exercise 6. Find the lengths and the inner product of

2 —4i
x:[ Z] and y =

43

43

Solution: Write

el = /@ = 40) (2 — 40) + T (4)
= /(2 + 40)(2 — 4i) — 4i (49)
=V4+16+16
=36 =6

lyll = / @+ 4) (2 + 40) + T (4)
= /(2 — 40)(2 + 4i) — 4i (4i)
=V1+16+ 16 = V36 =6

Moreover,

zey = (2—44) (24 4i) + 4i (4)

= (24 44)(2 + 4i) — 4i (49)
=4+ 16i — 16 + 16
=4+ 167

2+M]

The following proposition will be used in a couple of the following problems so we

address it here.
Proposition 2. For any complex matrix A,

(AHYH = 4,

Proof. We define
A=A
Consider the following facts for a complex matrix A:

(1) (AT)T = A by the second sentence at the top of p. 50

(2) A = (@) = (a;;) = A by p. 281

—T

(3) A = (@)" = (@) = () = A7
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From these three facts,

TT

(AFYH — (A7) — AT — (AT)T = A.

Exercise 7. Write out the matrix A” and compute C = A7 A if

1 ¢ 0
i 01|

What is the relation between C' and C*? Does it hold whenever C' is constructed
from some A7 A?

Solution: We write

A:

1 —
AR = | —i 0
0 1
C=A"A
[ 1 —
[1 7 0]
| 01
7
i 0
_1—1'2 T —1
= —i =i 0
i ) 0 1
[ 9 1 —1
= - 1 0
i 1 0 1
We observe that CH7 = (-
2 —i i 2 1 —1
ct = i 1 0|l=|—-1 o0f|=C
— 01 7 0 1

For any choice of A, C# = C = A" A because
CH — (AT AYT — AH(AFYT — g1 4 — O
where (Af)H = A by prop (2).
[ ]

Exercise 27. Prove that A7 A is always a Hermitian matrix. Compute A”A and
AAT:
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Solution: A A is always Hermitian since
(AH A — AH(AHYH = AH 4
where (A%)H by prop (2).

When
A: 01 Z]a
1 ¢ 2
then
i1 —1 1
AP =11 7| = 1 —i
i q -7 —1
Next,
i 1 .
ATA= | 1 = [Z , Z,]
) ) 1 7 12
| -1 =i
-2 41 —i4+i —i241
= i—i  1—14? i — 2
SR —" S —"© —
[ 2 0 i+1
= 0 2 1+1

e
AAH:21?] 1 —i

5.6. Similarity Transformations.

Exercise 1. If B is similar to A and C' is similar to B, show that C is similar to A.
(Let B= M"'AM an C = N-'BN.) Which matrices are similar to I?

Solution: Suppose B = M 'AM and C = N"'BN. Write
C=N"'BN=NYM"'AM)M = (MN)*A(MN).

Hence, C' is similar to A.
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Suppose A is similar to I. Then there exists an invertible M such that
A=M1'"TM=M"'M=1.

We conclude the only matrix similar to [ is I itself.

Exercise 16.

(a) Find an orthogonal @ so that Q'AQ = A if

A= and A=

— =
— =
— =
o O O
o O O
w O O

Then find a second pair of orthonormal eigenvectors x1, xs for A = 0.

Solution: Given

000 A 000
A=100 0| = 0N 0],
0 0 3 0 0 X

we see the eigenvalues of A are \y = 0 and Ay = 3. We use this to find
eigenvectors of A.

/\1 =0:

1 11 T T+ o + 23 0

Ax = 1 11 i) = T1+ To + X3 = 0

1 11 T3 X1+ To+ T3 0

Take x1 = —x9 — 3, then eigenvectors associated to 0 are

—1 —1
Y1 = 1 and  yp = 0
0 1

Observe that these vectors are linearly independent and will span the eigenspace,
which we will denote FEj.

A =3
—2 1 1 T —21’1 + X9 + X3 0
(A — 3])13 = 1 -2 1 XTo = T — 2£C2 + 23 = 0
1 1 -2 X3 1+ X9 — 2%3 0

The first equation tells us that x3 = 221 —x5. Substituting this into the second
equation,

Ozl’l—2.T2+£L’3:$1—2I2+2$1—l’2:3$1—31’2.



18 MATH 511 SUMMER 2019

We conclude that xy = w9, which implies x3 = z;. Thus, an eigenvector
associated to 3 is

1

-1 -1 1
&= 17, 01,1
0 1 1

Let
—1 —1 1
a= 11, b= 0], c=11
0 1 i 1
Then
L —1/v/2 ]
a
G=77= % = 1/V2
Vel V2

-1 ~1/v2
1
BEE () AN
[ 1 ] ~1/2
= —| 1/2
1 0
[ —1/2
= | —1/2
1
- —1/2 —~1/V6
G = o = (\/g) —1/2 | = | —1/V/6
||QQ|| 1 2/\/6
g3 =c— (Ch : C)(h - (Q2 : C)Q2
1 —1/V2 ~1/V/6

=|l1|-0] 1/vV2|-0|—-1/V6
1 0 2//6
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i Lt 1/v/3
Q3:TSZ— 1| = 1/\/§
HQEH \/§ 1 1/\/3

Let
—1/vV/2 —1/v6 1//3
Qe=| 1/v2 =1/v6 1/V3 |.
0 2/v6 1/V3
Since the columns of Q¢ are orthonormal, 3Q on p. 175 implies QT = Q..
Then

Q:'AQe = | —1/v6 —-1/v6 2/V6 V3 176 1/v3

[ —1/V2  1/V2 0111 ~1/v2 —1/V6 1/V/3
111
1/vV3  1/V3 1/V/3 111 0 2/vV6 1/V3

0O 0 0 —1/vV/2 —1/v6 1/V3
= 0 0 0 1/vV2 —1/V6 1/V3
V3 V3 V3 0 2/vV6 1/V3

Next, we choose a different basis for Fy and make them orthonormal:

{1

We apply the Gram-Schmidt method.

L] 2 —2//6
m=r—=—1| 1|=| 1/V6
lall V6| 1V

52 =b— (Ul . b)Ul

0 —2//6
=|-1|-0] 1/V6
1 1/v6
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v 1 0 y
=rm = | =1 | = | —-1/2
el v2 1/v2

(b) Verify that P = 12T + z9xl is the same for both pairs.

{ql

Solution: We have the pairs

—1/v2 —~1/v/6 —2//6 0
1/\/§ Qo = —1/\/6 and v = 1/\/6 ,Ug = —1/\/§ )

0 2//6 1/1/6 1/v2
Write
[ —1/v2 11 VG 12
Pob=| 12 ||-—F% —= O|+|-1/V6||-—F~ —F= —=
J[EE AR
1/2 —1/2 0] 1/6 1/6 —2/6 |
= -1/2 12 0|+| 1/6 1/6 —2/6
0 0 0] | -2/6 —2/6 4/6 |
[ 3/6 —3/6 0 1/6  1/6 —2/6 ]
= | =3/6 3/6 0|+| 1/6 1/6 —2/6
0 0 0] |-2/6 —2/6 4/6 |
[ 4/6 —2/6 —2/6
= | —=2/6 4/6 —2/6
| —2/6 —2/6  4/6
21
=z -1 2 1
~1 -1 2
Similarly,
—2/v/6 2 1 1 y 11
Po=| Ve || — —|+]| 12|00 —— —
1 ) |l
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4/6 —2/6 —2/6 ] 0 0 0
=|-2/6 1/6 1/6 |+ |0 1/2 —1/2
| -2/6 1/6 1/6| |0 —1/2 1/2
46 —2/6 —2/61 [o 0o 0]
=| -2/6 1/6 1/6 |+ |0 3/6 —3/6
~2/6 1/6 1/6 | |0 —3/6 3/6 |
[ 4/6 —2/6 —2/6 ]
=| —2/6 4/6 —2/6
| —2/6 —2/6  4/6 |

1 2 -1 -1
-1 -1 2

Exercise 22. Find a unitary U and triangular T so that U"'AU =T, for

5 =3

A, —
! 4 =92

010
] and Ag = 00 0
1 00

Solution: We begin by finding eigenvalues and eigenvectors of A;.

We write

5—A -3
4 =2—-A

=0bB-=-N(-2-X) —(-12)
= —10+2\ =5\ + N2+ 12

det(Al — )\I) =

=M —-3\+2
=A-2)A-1)=0

so we get A =1, 2.

/\1 =1:
A Ny — 4 -3 x| | 4xp—3xe | | O
Ai=Dr=1 0 sl 17 L ae =30 |~ | 0

We get 4x1 = 3x5 and we see an eigenvector associated to 1 is

21
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e s I i B

Then, z; = x5 and we see an eigenvector associated to 2 is

1
Yo = 1

Now, we make y;,yo orthonormal. By the Gram-Schmidt method,

_om 13|35
N PTG IV R Y

g2 = Y2 — ((h : y2)Q1

_ &
Il

I
ot

q2

4/25 | | 4/5
-3/25 | | —=3/5

U:[3/5 4/5]'

Now, we take

4/5 -3/5

Since the columns of U are orthonormal, UL U = I by 3Q on p. 175. Write

3/5 4/5 |5 =3 ||3/5 4/5
4/5 —3/5 | |4 —2 || 4/5 —3/5

13 45 33 4
2504 =3 ||4 -2 4 -3

15416 -9-8][3 4
4 -3

25| 20—12 —12+6
RS —17”3 4]

UﬁlAlU -

25 8 —6 4 -3
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1 [93-68 124 +51
25 | 24—-24 32+18

12 ams
250 0 50
1
0 2

Next, we find the eigenvalues and eigenvectors of A,. Write

-A 1 0
det(Ay — AI) =| 0— A
10 =\
ses| A1
=(=NEDTET
= —A=A)(=A) = 0]
=-\=0

So we see the eigenvalues of Ay of A = 0 with algebraic multiplicity 3. But observe
the only eigenvalue of 0 is

0
y=10
1
Now, observe that if
1 0
€1 = 0 s €y = 1 s
0 0
o1 o0][o] [1]
A2€2: 0 0 0 1 - 0 = €
|10 0 [0] | 0 |
o1 o0][1] [o]
Aser =10 0 0 0O(=1]10]|=yw.
| 10 0] 0] | 1]

So, we’ll choose our matrix such that y is the first column, e; is the second, and
e3 is the third, that is,
U=y el e = [A%ey Aey ey).

This matrix turns out to be Pjo3.
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24

Let

— O O

o O

oS — O

-1 _ pT __
123_P123_

and

P93 is a unitary and

0
0
1

0
1
0

A2P123

-1
123

P,



