MATH 511 HOMEWORK 7
DUE THURSDAY, JULY 30, 2019

6. PoOSITIVE DEFINITE MATRICES

6.1. Minima, Maxima, and Saddle Points.

Exercise 3. If a 2 by 2 symmetric matrix passes the tests a > 0, ac > b?, solve the
quadratic equation det(A — AI) = 0 and show that both eigenvalues are positive?

Solution: Let
a b
b ¢

be a matrix which passes a > 0 and ac > b%. Because we assume b € R, a > 0 and
ac > b?> > 0 implies ¢ > 0. Now, we see that

0 =det(A— \)

A=

a— A b
b c— A

=(a—N(c— ) — b
=X\ — (a+ )\ +ac — b
Applying the quadratic formula, we see
(a+c) £ /(a+c)?—4(ac — b?)
2
_ (a+c) £Va® +2ac+  — dac + 4D
2
_(a+c)£Va® —2ac+ 2+ 4p?
2
_(atc)E/(a—c)*+4b?
2

Ay =

We have assumed that a,b,c¢ € R. Moreover, because a,c > 0, we must have
a + ¢ > 0. Putting these together, we conclude (a — ¢)* + 4b* > 0. Hence, Ay > 0
and we need only check A_.
We know that (a+c)* —4(ac—b*) = (a—c)*+4b* > 0. Now, because ac—b* > 0,
we see that
(a+c)* —4(ac —b*) < (a+c)*
Because the real square root is monotone, we must have

Vi(a+¢)?2 —4(ac—02) < /(a+c)?=(a+c).
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This implies that

2A_ = (a+c¢) —v/(a+c)? —4(ac—b2) > (a+¢c)— (a+¢) =0,
Therefore, both Ay are positive.
|

Exercise 4. Decide between a minimum, maximum, or saddle point for the following
functions.

(a) F'=—1+4(e® —x) — bzsiny + 6y* at the point z =y = 0.

Solution: We take the partial derivatives.

oF oF
— = 4e* —4 —b5siny — = —dzxcosy+ 12y
ox Jy

O*F - O*F O*F )

92 de 910y = —Hcosy _8y2 = OSxsiny + 12

By equation (1) on p. 312,

(2275(0,00 = L) =2

a =

(%(0@)) _ %(0+ 12) = 6

25
Soa >0, ac =16, b* = i 6.25 which implies ac — b* > 0.

We conclude this is a minimum point.

(b) F = (z* — 2z) cosy, with stationary point x = 1,y = 7.

Solution: We begin with the partial derivatives

oF oF

— = (2r—2 — = —(2%2—-22)si
e (2x — 2) cosy oy (x x)siny
O*F O*F O*F

57 cosy 920y (2x — 2)siny e (x T)Ccosy

o= % (827@(1@) ~ L9cosm) = -1
- % (;;gy(m)) ~ L) -2)snm) =0
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1

c:%(%ﬁkLm>:§p4ﬁ—2a»amw:—%

1
So, We see that a < 0, ac = 3 b? = 0, implies ac > b>.

We conclude this is a maximum point.

6.2. Tests for Positive Definiteness.

Exercise 2. Decide for or against the positive definiteness of
2

2 -1 -1 2 -1 -1 01 2
A=| -1 2 -1)|, B=|-1 2 1|, C=1]101
-1 -1 2 -1 1 2 210

Solution: We use characterization (III) from 6B on p. 318 and (III') from 6D on
p. 321.

A: Let
2 -1 -1
2 -1
A1:[2], Ag_ , A3: —1 2 —1
-1 2
-1 -1 2
and compute
Ay =4—(-1)=5>0
2 -1 -1 -1 -1 2
Azl =2 — (-1 -1
451 -1 2 (>|—12+()—1—1
=24-)]+[-2-1]-[1—-(-2)]
=2(3)—-3-3=0
We concluded that A is not positive definite.
B: Let
2 -1 -1
2 —1
31:[2], BQ_ ; Bg_ -1 2 1
-1 2
-1 1 2
and compute

1By =4~ (=1)=5>0
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Bl=2|" —<—1>‘j N EXCE V] s
=2l 14 [2— ()] - [2— (~2)]
—2(3)-1-0=5>0

We conclude that B is positive definite.

C: Let
01 2
R=1101
2 10
Observe that RT = R and that
0 1 11 10
R|=0 — (1 =—0—-2]+2[1-0]=4+#0.
Ri=o| | Cl-m], o [+2|, |=-l-2ren-0=az

This implies the rows of R are linearly independent. Then, C' = RT R and we conclude
by 6C on p. 320 that C' is positive definite.

10

Exercise 10. The ellipse u? 4+ 4v? = 1 corresponds to A = [ 0 4

]. Write the

eigenvalues and eigenvectors, and sketch the ellipse.

Solution: Since A is upper triangular (in fact, diagonal), we see its eigenvalues
are A\; = 1 and Ay = 4 with corresponding eigenvectors

[T

Now, the ellipse u? 4+ 4v? = 1 has the axes of lengths

1 1 1
— =1 and —=-

val Va2

from the center as per 6E on p. 323. If we let X be the vector along the major axis
and Y be the vector along the minor axis, we see that

1
A1
Y= = 20,1 = (0,1/2)
- AQ y2_2 ) - 9
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6.3. Singular Value Decomposition.

Exercise 1. Compute AT A and its eigenvalues 2,0 and unit eigenvectors vy, vs:
1 4

2 8|

1 2

4 8

1 2 141 5 20

4 812 8] |20 80"

By the singular value decomposition (SVD) on p. 331, the columns of V' = [v; vy]
are unit eigenvectors of AT A associated to the eigenvalues o2, 0.

A:

Solution: We have

AT =

and so

ATA =

We write

5—A 20

det(ATA — NI =
et ) 20 80 — A

= (5—A)(80 — \) — 20?
= A2 — 85\ + 400 — 400
=AA—85)=0
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We conclude that A\; = 85 = 02, Xy = 0 are the eigenvalues of ATA.

/\1 = 85:
—80 20 X1 . —801’1 + 201‘2 . 0
20 —5 Ty | 20z, — 5z, | |0

Then, 42, = x5 and
- 1
v = [ 4 ] .

We make this a unit vector:

o vy 1 1) 1 1
el T Vv 4]‘71—7[4]'
Ao =0
[ 5 20] [m]_' 5x1+20x2]_[()]
20 80 To | 207, + 80, 0
We see x1 = —4x5 which implies

N '—4]
Vo = .
2 1

We make this a unit vector:

o 21 -4 1 | -
A 6r1| 1 JiT | 1]

Exercise 2.

(a) Compute AAT and its eigenvalues 0%, 0 and unit eigenvectors uy, us.

Solution: We write

AAT — 1 4 1 2 _ 17 34 '
2 8 4 8 34 68
Now,
17 — 4
det(AAT — \I) = [ 3
34 68— A\

= (17— \)(68 — \) — 342
= A? — 85\ + 1156 — 1156
= \? — 85\

= AA—85)=0



MATH 511 SUMMER 2019 7

Thus, the eigenvalues of AAT are \; = 85 = 02 and \, = 0.
)\1 = 85:

—68 34 x| | =68z +34x | | O
34 —17 Ty | 34x, — 17Tz | | O

We see 221 = x4 and

We make this of unit length:

Uy 1 1 1 1
Ul = — = = — .
Tl Virdl2| VB2
)\2 =0:
17 34 ry || TTxy +34xe | | O
34 68 | | wo | | 34z, 4+682, | | O
Hence, 1 = —2x5 and

Making this of unit length,

Us 1 -2 1 -2
Uo = — = = — .
Cmll vAFL| 1] VB 1

(b) Choose signs so that Av; = oyu; and verify the SVD:

Ll el T

Solution: We have 0% = 85 which implies 01 = £/85 = +v17/5. We
need to choose a sign. Write

oLl

1
%ﬁ_2+w

[ 17
34

~J
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so we take oy = v/85.
We verify that this is correct. Let

1[1—2 | 2:[\/%0

Vil2 1 00

1 1 4
L V= — .
\/ﬁ[—zl 1]

R S = IV R 14
gl (Rl )

1 1 2| [ves oo 1 4
_E_Q L] oo0]|[-41
o1 [ =2 [ veF 485
CVEs[2 1| o0 o
1 [ VB 4vBE
T VB5 | 2V85 8VES

(¢) Which four vectors give orthonormal bases for C(A), N(A), C(AT), N(AT)?
Solution: By remark 2 on p. 331,

C(A) =((1,2)) | orthonormal basis : {%(1,2)} ={u}
N(A) = (4,1)) | orthonormal basis : {%(—4, 1)} — {w)

C(A") = ((1,—4)) | orthonormal basis :

N(AT) = ((=2,1)) | orthonormal basis :

——
aE
ot
|
\.l\')
—_
S~—
——
I
—_
<
)
—
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Exercise 5. Compute ATA and AAT, and their eigenvalues and unit eigenvectors,

for
1 10
01 1]

Multiply the three matrices USV7 to recover A.

A:

Solution: We see

10
AT =111
0 1
Then
(10 110
B=ATA=1|11
01 1
01
(11
=121
01
11 0] 1
C =AAT = ]1
11
L 01
21
12

Next, we find the eigenvalues and unit eigenvectors for B and C.

1— A 1 0
det(B — AI) = 12—\ 0
0 11—\
2\ 1 1 1 12— )
= (1-\ 0
=2 1 1-A 0 1-x|""|o 1

=1 =N[E2-MN01-)-1]=-(1-A)+0
=(1-N2=3A+X-1)—(1-))
=1 =X\ =3+1)—(1-))
=(1-NA\=3x+1-1)

= (1 =2\ =3))

= A1-M)A=3)=0

We conclude the eigenvalues of B are A =0, 1, 3.
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/\1 = 3
—2 1 0 I —21’1 + X9 0
1 -1 1 i) = Ty — To + X3 = 0
0 1 -2 T3 To — 2[)’22 0

Then we get xo = 221 = 223 which implies 1 = x3 and 22, = x5 = 2x3. So,

1
’171 — 2
1
Making this unit length,
- 1 1
U1 1 1
V1 = 7= = 2 = — 2
[oa]]  VI+4+1 V6|
A =1
010 T i) 0
1 11 To | = | x14+29+23 | =] 0
010 T3 T 0
Hence, z9 = 0 and x1 = —x3. Then
1
/172 - 0 5
-1
which we make of unit length:
~ 1 1
(%) 1 0 1 0
Vo = — — e
YUl VITo+l . 2|
/\3 — O
1 10 T T+ 2o 0
1 21 i) = .T1—|—2.’L'2+[I§'3 = 0
011 T3 To + X3 0
We see 1 = —z9 and x3 = —xy which together imply z; = x3. Hence,
1
vg=| —1

1
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which we make of unit length

~ 1 1
(%] 1 1
s VI+1+1 ) 31

Therefore,

1/vV6  1/vV2  1/V3
V:[Ul Vo 1)3]: 2/\/6 0 —1/\/§
1/vV6 —1/vV2  1/V/3

Next, we find the eigenvalues and unit eigenvectors of C' = AAT.

2—-A 1

det(C — AI) = R

=2-N2-)-1
=4—4N+ X -1
= A2 —4\+3
=A=1DA=3)=0

This implies our eigenvalues are A = 1, 3.

A =3:
—1 1 T . —T1 + Zo
1 -1 To B T — T2

This implies x1 = x5 and

Making this of unit length,

Uy 1 1 1 1
U1 = — — —_
@l vIvr|1] V2l
A=0
1 1 T 1+ T2 . 0
11 T B 1+ X9 N 0
We see 1 = —x5 and



12 MATH 511 SUMMER 2019

Making this of unit length,

Us 1 1 1 1
Uo = — = = —_— .
Colwl VIFT|-1] V2| -t

Then,
1 1 1
U=— :
\/§[1 —1]

Now, since 07 = 3 and 02 = 1, we need to choose the signs of o = ++/3 and
0y = 1. We check Av; = o;u;:

I
S
N
Sl -
—
—_ =
1
N——
I
=
S

and

Thus, we take o1 = V3 and oy = 1 which means

E:[ﬁo 0].
010

Finally, we check that A = UXVT:

- 1T 1/vV6  2/V/6  1//6
e I | R R
SR ! V3 —1/v3  1/V3

1/vV2 0 —1/v2

Sl =
[}
—_
|
—_

1 1] [ v3/v6 2v3/V6 \/5/\/61
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1 [ VBV 1VE 2V3/VE VBV 1/V2
CV2 [ VBVE-1/V2 2V3/V6 VB/VE+1/V2
1 [ V2V 2V 1 V2102
V2 V2= 1V2 22 1NV2H1/V2
1 [2v2 o220
VR0 2/V2 202
:[1 Lol _,

011

7. COMPUTATIONS WITH MATRICES

7.2. Matrix Norm and Condition Number.

Exercise 1. For an orthogonal matrix @, show that ||Q| = 1 and also ¢(Q) =
1. Orthogonal matrices (and their multiples o)) are the only perfectly conditions
matrices.

Solution: We begin with a proposition.

Proposition 1. For A a complex matrix,

[A[] = max [| Az

llz(l=1

Proof. Let M(A) = max,=1 ||Az||. If ||z|| = 1, then by equation (6) in 7B on p.
355,
[Az]| < Al =] = [lA]-
This implies
M(4) = max || Az] < JIA].

[lz]|=1

We need only that [|A| < M(A).

Let y € C"\ {0}. Then if y, = ﬁ is of unit length and
Ayl
L3 g (L) =l < g 4] = arca.
[yl Iyl Jall=1

Hence, we see ||Al| < M(A).
(%) follows because for any real r > 0 and z € C",

lrz]] = rllz].
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By this proposition, if we want to show that ||Q| = 1, we show that ||Qz| =1
for all

loll = \Jai + a4 a2 =1.
Suppose @ = [¢1 ¢2 -+ ¢n]. We check
1Qz| = llz1g1 + 22g2 + -+ + Tnga

=V (T1q1 + Tage +  + Tnqn) T (2101 + T2g2 + - + T0Gy)

= \/(xlqlT +22q" 4 A ) (101 + T2ge -+ Tndn)

= \/35%CI1TC]1 +22¢d g + - - - + 22¢7q, by orthogonality

_ \/x% + 22 + - -+ + 22 by normality
=1 since ||z]| =1

Since this holds for any ||z| = 1, we conclude ||Q|| = 1.

Since the columns of QT are also orthonormal, the same work as above shows
||QT|| = 1. Because QTQ = I, QT = Q'. This implies Q71| =1.

Putting this together,
(@ =lele=1-1=1
|
Exercise 5. Show that if A is any eigenvalue of A, Ax = Az, then |[A| < ||A]|.
Solution: Suppose z is an eigenvector of A associated to the eigenvalue . Write

el Al [ Ax]]

Izl =l ]

Al = 1Al

< [|A]-



