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6. Positive Definite Matrices

6.1. Minima, Maxima, and Saddle Points.

Exercise 3. If a 2 by 2 symmetric matrix passes the tests a > 0, ac > b2, solve the
quadratic equation det(A− λI) = 0 and show that both eigenvalues are positive?

Solution: Let

A =

[
a b

b c

]
be a matrix which passes a > 0 and ac > b2. Because we assume b ∈ R, a > 0 and
ac > b2 > 0 implies c > 0. Now, we see that

0 = det(A− λI)

=

∣∣∣∣∣ a− λ b

b c− λ

∣∣∣∣∣
= (a− λ)(c− λ)− b2

= λ2 − (a+ c)λ+ ac− b2

Applying the quadratic formula, we see

λ± =
(a+ c)±

√
(a+ c)2 − 4(ac− b2)

2

=
(a+ c)±

√
a2 + 2ac+ c2 − 4ac+ 4b2

2

=
(a+ c)±

√
a2 − 2ac+ c2 + 4b2

2

=
(a+ c)±

√
(a− c)2 + 4b2

2

We have assumed that a, b, c ∈ R. Moreover, because a, c > 0, we must have
a + c > 0. Putting these together, we conclude (a − c)2 + 4b2 > 0. Hence, λ+ > 0
and we need only check λ−.

We know that (a+ c)2−4(ac− b2) = (a− c)2 +4b2 > 0. Now, because ac− b2 > 0,
we see that

(a+ c)2 − 4(ac− b2) < (a+ c)2.

Because the real square root is monotone, we must have√
(a+ c)2 − 4(ac− b2) <

√
(a+ c)2 = (a+ c).

1
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This implies that

2λ− = (a+ c)−
√

(a+ c)2 − 4(ac− b2) > (a+ c)− (a+ c) = 0.

Therefore, both λ± are positive.

�

Exercise 4. Decide between a minimum, maximum, or saddle point for the following
functions.

(a) F = −1 + 4(ex − x)− 5x sin y + 6y2 at the point x = y = 0.

Solution: We take the partial derivatives.

∂F

∂x
= 4ex − 4− 5 sin y

∂F

∂y
= −5x cos y + 12y

∂2F

∂x2
= 4ex

∂2F

∂x∂y
= −5 cos y

∂2F

∂y2
= 5x sin y + 12

By equation (1) on p. 312,

a =
1

2

(
∂2F

∂x2
(0, 0)

)
=

1

2
(4) = 2

b =
1

2

(
∂2F

∂x∂y
(0, 0)

)
=

1

2
(−5) = −5

2

c =
1

2

(
∂2F

∂y2
(0, 0)

)
=

1

2
(0 + 12) = 6

So a > 0, ac = 16, b2 =
25

4
= 6.25 which implies ac− b2 > 0.

We conclude this is a minimum point.

(b) F = (x2 − 2x) cos y, with stationary point x = 1, y = π.

Solution: We begin with the partial derivatives

∂F

∂x
= (2x− 2) cos y

∂F

∂y
= −(x2 − 2x) sin y

∂2F

∂x2
= 2 cos y

∂2F

∂x∂y
= −(2x− 2) sin y

∂2F

∂y2
= −(x2 − 2x) cos y

By equation (1) on p. 312,

a =
1

2

(
∂2F

∂x2
(1, π)

)
=

1

2
(2 cosπ) = −1

b =
1

2

(
∂2F

∂x∂y
(1, π)

)
=

1

2
(−(2(1)− 2) sinπ) = 0
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c =
1

2

(
∂2F

∂y2
(1, π)

)
=

1

2
(−(12 − 2(1)) cosπ = −1

2

So, We see that a < 0, ac =
1

2
, b2 = 0, implies ac > b2.

We conclude this is a maximum point.

�

6.2. Tests for Positive Definiteness.

Exercise 2. Decide for or against the positive definiteness of

A =

 2 −1 −1

−1 2 −1

−1 −1 2

 , B =

 2 −1 −1

−1 2 1

−1 1 2

 , C =

 0 1 2

1 0 1

2 1 0


2

.

Solution: We use characterization (III) from 6B on p. 318 and (III′) from 6D on
p. 321.

A: Let

A1 = [2], A2 =

[
2 −1

−1 2

]
, A3 =

 2 −1 −1

−1 2 −1

−1 −1 2


and compute

|A1| = 2 > 0

|A2| = 4− (−1) = 5 > 0

|A3| = 2

∣∣∣∣∣ 2 −1

−1 2

∣∣∣∣∣− (−1)

∣∣∣∣∣ −1 −1

−1 2

∣∣∣∣∣+ (−1)

∣∣∣∣∣ −1 2

−1 −1

∣∣∣∣∣
= 2[4− (1)] + [−2− 1]− [1− (−2)]

= 2(3)− 3− 3 = 0

We concluded that A is not positive definite.

B: Let

B1 = [2], B2 =

[
2 −1

−1 2

]
, B3 =

 2 −1 −1

−1 2 1

−1 1 2


and compute

|B1| = 2 > 0

|B2| = 4− (−1) = 5 > 0
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|B3| = 2

∣∣∣∣∣ 2 1

1 2

∣∣∣∣∣− (−1)

∣∣∣∣∣ −1 1

−1 2

∣∣∣∣∣+ (−1)

∣∣∣∣∣ −1 2

−1 2

∣∣∣∣∣
= 2[4− 1] + [−2− (−1)]− [−2− (−2)]

= 2(3)− 1− 0 = 5 > 0

We conclude that B is positive definite.

C: Let

R =

 0 1 2

1 0 1

2 1 0

 .
Observe that RT = R and that

|R| = 0

∣∣∣∣∣ 0 1

1 0

∣∣∣∣∣− (1)

∣∣∣∣∣ 1 1

2 0

∣∣∣∣∣+ 2

∣∣∣∣∣ 1 0

2 1

∣∣∣∣∣ = −[0− 2] + 2[1− 0] = 4 6= 0.

This implies the rows of R are linearly independent. Then, C = RTR and we conclude
by 6C on p. 320 that C is positive definite.

�

Exercise 10. The ellipse u2 + 4v2 = 1 corresponds to A =

[
1 0

0 4

]
. Write the

eigenvalues and eigenvectors, and sketch the ellipse.

Solution: Since A is upper triangular (in fact, diagonal), we see its eigenvalues
are λ1 = 1 and λ2 = 4 with corresponding eigenvectors

y1 =

[
1

0

]
, y2 =

[
0

1

]
.

Now, the ellipse u2 + 4v2 = 1 has the axes of lengths

1√
1

= 1 and
1√
4

=
1

2

from the center as per 6E on p. 323. If we let X be the vector along the major axis
and Y be the vector along the minor axis, we see that

X =
1√
λ1
· y1 = 1 · (1, 0) = (1, 0)

Y =
1√
λ2
· y2 =

1

2
· (0, 1) = (0, 1/2)
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�

6.3. Singular Value Decomposition.

Exercise 1. Compute ATA and its eigenvalues σ2
1, 0 and unit eigenvectors v1, v2:

A =

[
1 4

2 8

]
.

Solution: We have

AT =

[
1 2

4 8

]
and so

ATA =

[
1 2

4 8

][
1 4

2 8

]
=

[
5 20

20 80

]
.

By the singular value decomposition (SVD) on p. 331, the columns of V = [v1 v2]
are unit eigenvectors of ATA associated to the eigenvalues σ2

1, 0.

We write

det(ATA− λI) =

∣∣∣∣∣ 5− λ 20

20 80− λ

∣∣∣∣∣
= (5− λ)(80− λ)− 202

= λ2 − 85λ+ 400− 400

= λ(λ− 85) = 0
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We conclude that λ1 = 85 = σ2
1, λ2 = 0 are the eigenvalues of ATA.

λ1 = 85: [
−80 20

20 −5

][
x1
x2

]
=

[
−80x1 + 20x2

20x1 − 5x2

]
=

[
0

0

]
Then, 4x1 = x2 and

ṽ1 =

[
1

4

]
.

We make this a unit vector:

v1 =
ṽ2
‖ṽ2‖

=
1√

1 + 16

[
1

4

]
=

1√
17

[
1

4

]
.

λ2 = 0: [
5 20

20 80

][
x1
x2

]
=

[
5x1 + 20x2

20x1 + 80x2

]
=

[
0

0

]
We see x1 = −4x2 which implies

ṽ2 =

[
−4

1

]
.

We make this a unit vector:

v2 =
ṽ2
‖ṽ2‖

=
1√

16 + 1

[
−4

1

]
=

1√
17

[
−4

1

]
.

�

Exercise 2.

(a) Compute AAT and its eigenvalues σ2
1, 0 and unit eigenvectors u1, u2.

Solution: We write

AAT =

[
1 4

2 8

][
1 2

4 8

]
=

[
17 34

34 68

]
.

Now,

det(AAT − λI) =

∣∣∣∣∣ 17− λ 34

34 68− λ

∣∣∣∣∣
= (17− λ)(68− λ)− 342

= λ2 − 85λ+ 1156− 1156

= λ2 − 85λ

= λ(λ− 85) = 0
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Thus, the eigenvalues of AAT are λ1 = 85 = σ2
1 and λ2 = 0.

λ1 = 85:[
−68 34

34 −17

][
x1
x2

]
=

[
−68x1 + 34x2

34x1 − 17x2

]
=

[
0

0

]
We see 2x1 = x2 and

ũ1 =

[
1

2

]
.

We make this of unit length:

u1 =
ũ1
‖ũ1‖

=
1√

1 + 4

[
1

2

]
=

1√
5

[
1

2

]
.

λ2 = 0: [
17 34

34 68

][
x1
x2

]
=

[
17x1 + 34x2
34x1 + 68x2

]
=

[
0

0

]
Hence, x1 = −2x2 and

ũ2 =

[
−2

1

]
.

Making this of unit length,

u2 =
ũ2
‖ũ2‖

=
1√

4 + 1

[
−2

1

]
=

1√
5

[
−2

1

]
.

(b) Choose signs so that Av1 = σ1u1 and verify the SVD:[
1 4

2 8

]
=
[
u1 u2

] [ σ1
0

] [
v1 v2

]T
.

Solution: We have σ2
1 = 85 which implies σ1 = ±

√
85 = ±

√
17
√

5. We
need to choose a sign. Write

Av1 =

[
1 4

2 8

](
1√
17

[
1

4

])

=
1√
17

[
1 + 16

2 + 32

]

=
1√
17

[
17

34

]
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=
√

17

[
1

2

]

=

√
85√
5

[
1

2

]

=
√

85

(
1√
5

[
1

2

])
= σ1u1

so we take σ1 =
√

85.

We verify that this is correct. Let

U =
1√
5

[
1 −2

2 1

]
, Σ =

[ √
85 0

0 0

]
, V =

1√
17

[
1 4

−4 1

]
.

UΣV T =
1√
5

[
1 −2

2 1

][ √
85 0

0 0

](
1√
17

[
1 4

−4 1

])

=
1√
85

[
1 −2

2 1

][ √
85 0

0 0

][
1 4

−4 1

]

=
1√
85

[
1 −2

2 1

][ √
85 4

√
85

0 0

]

=
1√
85

[ √
85 4

√
85

2
√

85 8
√

85

]

=

[
1 4

2 8

]

(c) Which four vectors give orthonormal bases for C(A),N(A),C(AT ),N(AT )?

Solution: By remark 2 on p. 331,

C(A) = 〈(1, 2)〉 | orthonormal basis :

{
1√
5

(1, 2)

}
= {u1}

N(A) = 〈(4, 1)〉 | orthonormal basis :

{
1√
17

(−4, 1)

}
= {v2}

C(AT ) = 〈(1,−4)〉 | orthonormal basis :

{
1√
17

(1, 4)

}
= {v1}

N(AT ) = 〈(−2, 1)〉 | orthonormal basis :

{
1√
5

(−2, 1)

}
= {u2}

�



MATH 511 SUMMER 2019 9

Exercise 5. Compute ATA and AAT , and their eigenvalues and unit eigenvectors,
for

A =

[
1 1 0

0 1 1

]
.

Multiply the three matrices UΣV T to recover A.

Solution: We see

AT =

 1 0

1 1

0 1

 .
Then

B = ATA =

 1 0

1 1

0 1

[ 1 1 0

0 1 1

]

=

 1 1 0

1 2 1

0 1 1



C = AAT =

[
1 1 0

0 1 1

] 1 0

1 1

0 1


=

[
2 1

1 2

]

Next, we find the eigenvalues and unit eigenvectors for B and C.

det(B − λI) =

∣∣∣∣∣∣∣
1− λ 1 0

1 2− λ 0

0 1 1− λ

∣∣∣∣∣∣∣
= (1− λ)

∣∣∣∣∣ 2− λ 1

1 1− λ

∣∣∣∣∣−
∣∣∣∣∣ 1 1

0 1− λ

∣∣∣∣∣+ 0

∣∣∣∣∣ 1 2− λ
0 1

∣∣∣∣∣
= (1− λ)[(2− λ)(1− λ)− 1]− (1− λ) + 0

= (1− λ)(2− 3λ+ λ2 − 1)− (1− λ)

= (1− λ)(λ2 − 3λ+ 1)− (1− λ)

= (1− λ)(λ2 − 3λ+ 1− 1)

= (1− λ)(λ2 − 3λ)

= λ(1− λ)(λ− 3) = 0

We conclude the eigenvalues of B are λ = 0, 1, 3.
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λ1 = 3:  −2 1 0

1 −1 1

0 1 −2


 x1

x2

x3

 =

 −2x1 + x2
x1 − x2 + x3

x2 − 2x2

 =

 0

0

0


Then we get x2 = 2x1 = 2x3 which implies x1 = x3 and 2x1 = x2 = 2x3. So,

ṽ1 =

 1

2

1

 .
Making this unit length,

v1 =
ṽ1
‖ṽ1‖

=
1√

1 + 4 + 1

 1

2

1

 =
1√
6

 1

2

1


λ2 = 1:  0 1 0

1 1 1

0 1 0


 x1
x2
x3

 =

 x2
x1 + x2 + x3

x2

 =

 0

0

0


Hence, x2 = 0 and x1 = −x3. Then

ṽ2 =

 1

0

−1

 ,
which we make of unit length:

v2 =
ṽ2
‖ṽ2‖

=
1√

1 + 0 + 1

 1

0

−1

 =
1√
2

 1

0

−1


λ3 = 0:  1 1 0

1 2 1

0 1 1


 x1
x2

x3

 =

 x1 + x2
x1 + 2x2 + x3

x2 + x3

 =

 0

0

0


We see x1 = −x2 and x3 = −x2 which together imply x1 = x3. Hence,

ṽ3 =

 1

−1

1


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which we make of unit length

v3 =
ṽ3
‖ṽ3‖

=
1√

1 + 1 + 1

 1

−1

1

 =
1√
3

 1

−1

1

 .
Therefore,

V = [v1 v2 v3] =

 1/
√

6 1/
√

2 1/
√

3

2/
√

6 0 −1/
√

3

1/
√

6 −1/
√

2 1/
√

3

 .
Next, we find the eigenvalues and unit eigenvectors of C = AAT .

det(C − λI) =

∣∣∣∣∣ 2− λ 1

1 2− λ

∣∣∣∣∣
= (2− λ)(2− λ)− 1

= 4− 4λ+ λ2 − 1

= λ2 − 4λ+ 3

= (λ− 1)(λ− 3) = 0

This implies our eigenvalues are λ = 1, 3.

λ = 3: [
−1 1

1 −1

][
x1
x2

]
=

[
−x1 + x2
x1 − x2

]
=

[
0

0

]
This implies x1 = x2 and

ũ1 =

[
1

1

]
.

Making this of unit length,

u1 =
ũ1
‖ũ1‖

=
1√

1 + 1

[
1

1

]
=

1√
2

[
1

1

]
.

λ = 0: [
1 1

1 1

][
x1
x2

]
=

[
x1 + x2
x1 + x2

]
=

[
0

0

]
We see x1 = −x2 and

ũ2 =

[
1

−1

]
.
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Making this of unit length,

u2 =
ũ2
‖ũ2‖

=
1√

1 + 1

[
1

−1

]
=

1√
2

[
1

−1

]
.

Then,

U =
1√
2

[
1 1

1 −1

]
.

Now, since σ2
1 = 3 and σ2

2 = 1, we need to choose the signs of σ1 = ±
√

3 and
σ2 = ±1. We check Avi = σiui:

Av1 =

[
1 1 0

0 1 1

] 1√
6

 1

2

1




=
1√
6

[
3

3

]

=

√
3√
2

[
1

1

]

=
√

3

(
1√
2

[
1

1

])
=
√

3u1

and

Av2 =

[
1 1 0

0 1 1

] 1√
2

 1

0

−1




=
1√
2

[
1

−1

]
= u2

Thus, we take σ1 =
√

3 and σ2 = 1 which means

Σ =

[ √
3 0 0

0 1 0

]
.

Finally, we check that A = UΣV T :

UΣV T =
1√
2

[
1 1

1 −1

][ √
3 0 0

0 1 0

] 1/
√

6 2/
√

6 1/
√

6

1/
√

2 0 −1/
√

2

1/
√

3 −1/
√

3 1/
√

3


=

1√
2

[
1 1

1 −1

][ √
3/
√

6 2
√

3/
√

6
√

3/
√

6

1/
√

2 0 −1/
√

2

]
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=
1√
2

[ √
3/
√

6 + 1/
√

2 2
√

3/
√

6
√

3/
√

6− 1/
√

2√
3/
√

6− 1/
√

2 2
√

3/
√

6
√

3/
√

6 + 1/
√

2

]

=
1√
2

[
1/
√

2 + 1/
√

2 2/
√

2 1/
√

2− 1/
√

2

1/
√

2− 1/
√

2 2/
√

2 1/
√

2 + 1/
√

2

]

=
1√
2

[
2/
√

2 2/
√

2 0

0 2/
√

2 2/
√

2

]

=

[
1 1 0

0 1 1

]
= A

�

7. Computations with Matrices

7.2. Matrix Norm and Condition Number.

Exercise 1. For an orthogonal matrix Q, show that ‖Q‖ = 1 and also c(Q) =
1. Orthogonal matrices (and their multiples αQ) are the only perfectly conditions
matrices.

Solution: We begin with a proposition.

Proposition 1. For A a complex matrix,

‖A‖ = max
‖x‖=1

‖Ax‖.

Proof. Let M(A) = max‖x‖=1 ‖Ax‖. If ‖x‖ = 1, then by equation (6) in 7B on p.
355,

‖Ax‖ ≤ ‖A‖ ‖x‖ = ‖A‖.
This implies

M(A) = max
‖x‖=1

‖Ax‖ ≤ ‖A‖.

We need only that ‖A‖ ≤M(A).

Let y ∈ Cn \ {0}. Then if yu =
y

‖y‖
is of unit length and

‖Ay‖
‖y‖

(?)
=

∥∥∥∥A( y

‖y‖

)∥∥∥∥ = ‖Ayu‖ ≤ max
‖x‖=1

‖Ax‖ = M(A).

Hence, we see ‖A‖ ≤M(A).

(?) follows because for any real r > 0 and x ∈ Cn,

‖rx‖ = r‖x‖.

�
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By this proposition, if we want to show that ‖Q‖ = 1, we show that ‖Qx‖ = 1
for all

‖x‖ =
√
x21 + x22 + · · ·+ x2n = 1.

Suppose Q = [q1 q2 · · · qn]. We check

‖Qx‖ = ‖x1q1 + x2q2 + · · ·+ xnqn‖

=
√

(x1q1 + x2q2 + · · ·+ xnqn)T (x1q1 + x2q2 + · · ·+ xnqn)

=
√

(x1qT1 + x2qT + · · ·+ xnqTn )(x1q1 + x2q2 + · · ·+ xnqn)

=
√
x21q

T
1 q1 + x22q

T
2 q2 + · · ·+ x2nq

T
n qn by orthogonality

=
√
x21 + x22 + · · ·+ x2n by normality

= 1 since ‖x‖ = 1

Since this holds for any ‖x‖ = 1, we conclude ‖Q‖ = 1.

Since the columns of QT are also orthonormal, the same work as above shows
‖QT‖ = 1. Because QTQ = I, QT = Q−1. This implies ‖Q−1‖ = 1.

Putting this together,

c(Q) = ‖Q‖ ‖Q−1‖ = 1 · 1 = 1.

�

Exercise 5. Show that if λ is any eigenvalue of A, Ax = λx, then |λ| ≤ ‖A‖.
Solution: Suppose x is an eigenvector of A associated to the eigenvalue λ. Write

|λ| = |λ|‖x‖
‖x‖

=
‖λx‖
‖x‖

=
‖Ax‖
‖x‖

≤ ‖A‖.
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